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ABSTRACT

Barrier options have become increasingly popular financial instruments due to
the lower costs and the ability to more closely match speculating or hedging needs.
In addition, barrier options play a significant role in modeling and managing risks
in insurance and finance as well as in refining insurance products such as variable
annuities and equity-indexed annuities. Motivated by these immediate applications
arising from actuarial and financial contexts, the thesis studies the pricing of barrier
options and some exotic variations, assuming that the underlying asset price follows
the Black-Scholes model or jump-diffusion processes.

Barrier options have already been well treated in the classical Black-Scholes
framework. The first part of the thesis aims to develop a new valuation approach
based on the technique of exponential stopping and/or path counting of Brown-
ian motions. We allow the option’s boundaries to vary exponentially in time with
different rates, and manage to express our pricing formulas properly as combina-
tions of the prices of certain binary options. These expressions are shown to be
extremely convenient in further pricing some exotic variations including sequential
barrier options, immediate rebate options, multi-asset barrier options and window
barrier options. Many known results will be reproduced and new explicit formulas
will also be derived, from which we can better understand the impact on option
values of various sophisticated barrier structures.

We also consider jump-diffusion models, where it becomes difficult, if not im-
possible, to obtain the barrier option value in analytical form for exponentially
curved boundaries. Our model assumes that the logarithm of the underlying asset
price is a Brownian motion plus an independent compound Poisson process. It is
quite common to assign a particular distribution (such as normal or double expo-

nential distribution) for the jump size if one wants to pursue closed-form solutions,



whereas our method permits any distributions for the jump size as long as they
belong to the exponential family. The formulas derived in the thesis are explicit
in the sense that they can be efficiently implemented through Monte Carlo simu-
lations, from which we achieve a good balance between solution tractability and

model complexity.
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PUBLIC ABSTRACT

The payoff of a barrier option depends on whether the price of the underlying
asset ever reaches a pre-specified boundary (or one of two pre-specified boundaries if
it is a double-barrier option) during the contract’s lifetime. Therefore, the valuation
of barrier options can often be a key step in solving many problems in insurance and
finance that are related to the so-called “first passage times”. We study how to price
barrier options and their exotic variations under two fundamental asset models: the
Black-Scholes model and jump-diffusion models. The most sophisticated case we
consider is that the options have two boundaries that are exponential functions in
time.

In the Black-Scholes framework, we propose a new approach to compute the
prices of single-barrier and double-barrier options as well as some of their exotic
variations. Our method leads to closed-form expressions written in terms of the
prices of certain binary options, which are much easier to compute explicitly.

In the last part of the thesis, we consider jump diffusions as the underlying
asset price process. The great flexibility of our model as opposed to some old ones
comes from the fact that in our model, the jump magnitude of the asset price can
follow a wider range of distributions. Fortunately, this generalization does not mean
sacrificing the feasibility of our problem because we present a new algorithm to yield
the explicit solutions for both single-barrier and double-barrier options. Based on

Monte Carlo simulations, we can efficiently implement our pricing formulas.
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CHAPTER 1

INTRODUCTION AND MOTIVATION

1.1 Motivation

Barrier options are a basic type of exotic options and have become frequently
traded financial instruments in the US over-the-counter markets. The reasons for
the increasing popularity of barrier options are manifold. First, they have lower
costs than their plain vanilla counterparts. For example, a knock-in call only pays
off when the barrier is breached prior to maturity, and thus is cheaper than a
standard call. In addition, barrier options may match an investor’s hedging needs
in a more suitable manner. For example, buying a down-and-in put with the barrier
set below the strike, as opposed to a long standard put, offers an appropriate (and
inexpensive) way to protect against large downward movements in the underlying
asset price. Moreover, the introduction of barrier features allows the option to more
closely match the views about the future market behavior. For example, a long
position in a down-and-out call is more consistent with the view that the underlying
asset price will rise, as opposed to a long position in a standard call. As a result,
when buying a barrier option, you can avoid paying for those states you believe are
unlikely to occur; you may also enhance the profit by selling a barrier option that
only pays off when you believe are impossible.

The most important motivation for us to spend the whole thesis considering
the valuation of barrier options is that barrier options find suitable applications in

insurance and finance from a number of aspects. Let us mention some of them. The



pricing of barrier options essentially comes down to study the first passage times of
certain stochastic processes, which is the building block of the solutions to many
problems arising in risk management. Typical examples include the computation of
ruin probability and the default risk modeling of an insurance company. Since time-
until-ruin and time-until-default random variables can be viewed as first passage
times, these problems can be formulated in certain ways based on barrier options.
For example, see Wang (2016) which managed to decompose the insurance guaranty
scheme introduced in Hwang, Chang and Wu (2015) into down-and-out options with
immediate rebate payments.

Barrier options can also be very useful in refining certain insurance products
such as modeling dynamic lapsations in variable annuity products. Policyholders
are allowed to surrender the contract at their discretion, which usually happens
when the embedded guarantee options associated with the variable annuities are
deep out-of-money. Let us consider the guaranteed minimum maturity benefits
(GMMB) where the account value at time ¢ is denoted by S;. At the maturity time

T, if the contract has not lapsed, the policyholder is entitled the amount
SrVvG=Sr+ (G- 5",

where G is a fixed guaranteed amount to protect against the depreciation of the
underlying funds. Hence, the liability to the insurer would be a European put
option with the strike G and the maturity 7. Now, suppose the account value
reaches to a very high point prior to maturity, then it may be worthwhile for the
policyholder to surrender the contract to avoid high management fees (subsequent
fees are usually set to be proportional to the account value) and invest directly in
the underlying funds; there is little reason to continue to pay for the embedded
option (put option) with negligible value in the future. This incentive to surrender

can obviously be captured by introducing an upper barrier. Let us assume that the



contract lapses when the account value rises above a fixed level B. Then the payoff

of the embedded guarantee option becomes
(G—ST>+I[ (TB >7ﬁ)7 (11)

where 75 denotes the first time the account value rises to the level B. Hence, when
valuing GMMB, we will deal with an up-and-out put option instead of the put
option we just mentioned. One may also incorporate surrender penalty. Define by
t; the surrender charge rate as a decreasing function in time. Upon the surrender
prior to maturity, a policyholder will receive the amount equal to the account value
less the penalty charge. Therefore, we refine our solution of valuing GMMB by

adding to (1.1) an immediate rebate option with the payoff at time 75 equal to
(1 —t75)S;, 1 (15 < T).

Similar discussions about modeling dynamic lapsations in variable annuity products
using barriers options can also be found, for example, in Gerber, Shiu and Yang
(2013) and Augustyniak and Boudreault (2015).

In summary, the valuation of barrier options can be regarded as a key step
in defining and solving many problems in insurance and finance, and hence our

discussion in the thesis is highly relevant.

1.2 Thesis subject and our contribution

This thesis studies the pricing of barrier options and their exotic variations in
the Black-Scholes (BS) model and jump-diffusion models.

In the first part of the thesis, we mainly focus on the valuation of barrier
options restricted by exponentially time-varying boundaries within the classical BS
framework. In particular, our contribution is to develop a new pricing method based

on the exponential stopping of linear Brownian motions. It is worth pointing out



that our approach does not require the use of traditional techniques such as the
reflection principle and change of probability measure. Because we are dealing with
an arbitrage payoff function, we express the prices of barrier options as combinations
of the prices of certain path-independent options (binary options), which are fairly
straightforward to determine explicitly. These expressions can be immediately used
to recover many well-known results in the literature, and more importantly, based
on these expressions, it becomes very convenient in pricing certain- exotic variations
of barrier options.

The next contribution is to value some popular variations of barrier options
by applying the results obatined in the first part. These options include sequential
barrier options, immediate rebate options, multi-asset barrier options and window
barrier options, where the boundaries are still exponential functions in time, and
the BS economy is considered. First, we show that our formulation of path count-
ing derived in the first part can be structured to deal with the problem where the
boundaries may be breached in certain sequential orders, which directly leads to
the pricing of sequential barrier options. Second, the pricing formulas in the first
part can also be used to identify the distributions of one-sided and two-sided exit
times, and thus the values of immediate rebate options can be easily obtained. Fur-
thermore, to value multi-asset barrier options, we propose to adopt the Cholesky
decomposition technique to factor out the barrier variable from other source of un-
certainty, and the problem reduces to the one under the single-asset model. Finally,
we calculate the price of window barrier options by taking repetitive conditional
expectations and applying the pricing formula in the first part. In summary, we
reproduce some known results for sequential barrier options and immediate rebate
options, and for multi-asset barrier options and window barrier options, some new
results will be derived.

The third and last major part of this thesis studies the pricing of barrier



options under a general jump-diffusion framework, where the logarithm of the un-
derlying asset price is modeled by a linear Brownian motion plus an independent
compound Poisson process. The generality of our model comes from the fact that
the jump magnitude can follow any distribution as long as it belongs to the ex-
ponential family, whereas in some other approaches, certain distribution should be
assumed for the jump magnitude for analytical convenience. Following the idea in
Shao and Wang (2012), we derive closed-form solutions for the prices of knock-out
options with one-sided and two-sided exponential time-varying boundaries. We also
show that our pricing formulas, although written in terms of infinite sums and mul-

tiple integrals, can be efficiently implemented by the Monte Carlo method.

1.3 Thesis structure

Chapter 2 briefly reviews some well-known results about stochastic processes
that we will frequently use or mention throughout the thesis.

Chapter 3 presents a literature review of the existing valuation approaches for
barrier options in the BS model. We also revisit three particular methods, density
integrations, static hedging and method of images.

In Chapter 4, we develop a new valuation approach to pricing barrier op-
tions based on the exponential stopping of linear Brownian motions. We start with
single-barrier options with a flat boundary, and then generalize it to the case of
an exponentially time-varying boundary. Furthermore, a double knock-out option
with exponential boundaries is considered. We evaluate the double knock-out event
using path counting technique (See Sidenius (1998) for example), and express the
option price as doubly infinite sums of the prices of certain binary options. Finally,
we explain that when the payoff function satisfies some mild conditions, the pricing

formula as doubly infinite sums is convergent rapidly.



In Chapter 5, we study the pricing of four exotic variations of barrier options.
First, we treat sequentail barrier options using the path counting results obtained
in Chapter 4. Then we treat immediate rebate options. We apply the martingale
approach introduced in Gerber and Shiu (1994b, 1996) to study the case of flat
boundaries; furthermore, immediate rebate options with exponential boundaries
are valued based on the density functions of the two-sided exit times, which can
be recovered from one of the major formulas in Chapter 4 with the payoff function
being an identity function. In addition, we study multi-asset barrier options. The
Cholesky decomposition is adopted to simplify our derivation, and we also make an
extension to the case where the boundaries are stochastic processes. At the end,
we derive a closed-form pricing formula for a window double knock-out option with
exponential boundaries.

In Chapter 6, we first provide a literature review of the applications of jump-
diffusion models in insurance and finance, and some classical pricing methods for
barrier options under certain jump-diffusion models will be mentioned. Then we
discuss the risk-neutral set-up for our jump-diffusion model. Explicit solutions are
derived for the prices of an up-and-out option with an exponential boundary and
a double knock-out option with two exponential boundaries. We also show how to
numerically implement our formulas using Monte Carlo simulations. At the end,
we discuss an application to pricing a double knock-out option restricted by two

piecewise exponential boundaries in the BS framework.



1.4 Notation

Table 1.1: Notation and abbreviations

BS Black-Scholes
(Q, F, F, Pr) filtered probability space
{W:} standard Brownian motion
{X:} X = pt + oWy (or Lévy process in Section 2.5)
{S;} price process of a single underlying asset
T fixed time horizon
mp myp = ming<;<p Xy
Mr Mp = maxo<i<7 Xy
fx(z) density function of a random variable X
€ exponential random variable with mean 1/
7N positive root of %202 + b = A
N negative root of %292 +pb = A
1y 14 =1 when A occurs and 1 4 = 0 otherwise
E expectation
Pr probability
E; expectation taken under measure Pr given Sy = s
Prg probability given Sy = s
Es[X; A Es[X; A] = Eg[X1 4] for a random variable X and
an event A
o(x) b(x) = e %
(z—pt)?
() Pi() = \/ﬁe 2021




Table 1.1 continued: Notation and abbreviations

(1)3(907 Y, Z; P12, P13, P23)

TUu

iid.

{ X1}

distribution function of standard normal
distribution function of bivariate standard normal
with correlation p

distribution function of trivariate standard normal
with correlations pio2, p13 and paog

v = inf{t > 0|S; = U}

With a little abuse of notation, we also use 7,

to denote the hitting time of {X;} for some z.

1, = inf{t > 0|S; = L}

Ty = inf{t > 0|S; = Ue’}

7, = inf{t > 0|S; = Le®*}

Toip = inf{t > 7| S, = Le™'}

T = inf{t > 7|5, = Ue™'}

x Ay = min(z,y)

x Vy = max(z,y)

T =z2VO0

independent and identically distributed
m-~dimensional diffusion process with drift vector
p and diffusion matrix X

price vector process of m underlying assets
e=(1,0,...,0) .4

m X m identity matrix

expectation taken under measure Pr given Sy = s




Table 1.1 continued: Notation and abbreviations

Rn

(_007 OO)

(—00,00) X - -+

X (—00,00) n times
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CHAPTER 2

PRELIMINARIES

In this chapter, we shall recall and prove some classical results about stochas-
tic processes. The following fundamental assumption will be made throughout the
thesis. We let (2, F,F;, Pr) denote a filtered probability space equipped with a
filtration {F};>o satisfying the so-called usual conditions: (1) Fy contains all null

sets under the measure Pr; (2) the filtration is right-continuous, that is, ; = () Fs.
s>t

2.1 Strong Markov property

Proposition 2.1.1 (Strong Markov Property). Let {W,;} denote a standard Brow-
nian motion. If T is a stopping time, then the process {W,} defined by W, =

Wiy — W, is also a standard Brownian motion and is independent of F,.

2.2 Reflection principle

Proposition 2.2.1 (Reflection Principle). Let {W;} denote a standard Brown-
tan motion. If T is a stopping time, then the reflected process {Wt} defined by

W, = W,1(t < 7)+ W, — W,)1(t > 7) is also a standard Brownian motion.

Figure 2.1 illustrates the reflected sample path of {IV;} starting at the first

time it reaches the level b (b > 0) from below. Proposition 2.2.1 implies that the
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solid path and the dashed path in Figure 2.1 starting at the hitting time occur with

the same probability.

Figure 2.1: The reflection of a standard Brownian motion at the hitting time

The examples below are immediate applications of the reflection principle.

Example 2.2.1 (Joint distributions of Brownian motion and its extremum). Let
X; = pt + oW, where {W,} is a standard Brownian motion, and define my =
min X; and My = max X; for some T" > 0. The following formulas are the
0<t<T 0<t<T

classical results based on the reflection principle.

Pr( Xy >z, mp <y)=e“Pr(Xr >z —-2y), y<zAO, (2.1)

Pr(Xr <z, Mp>vy)=e"Pr(Xr <2 —2y), y>zxVO0, (2.2)

where Kk = i—“ The case where 1 = 0 is easy and can be obtained directly from
Proposition 2.2.1 if one considers 7, the first time the process {X;} reaches the
level y. The derivation becomes less straightforward when g # 0. A simple proof is

given in Section 2.6.1 based on the Esscher transform factorization.
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Example 2.2.2 (Brownian bridge). The two formulas in Example 2.2.1 can be used

to obtain some fundamental results for Brownian bridge.

Pr(Xr € de,mr <y) e"or(z — 2b)

P <yl Xpr = = = A0
r(mT >~ y| T LK) Pr (XT c dl’) ¢T(«T) ) Yy <z P
Pr(Xr € dz, My >vy)  eop(z — 20)
Pr(Mp > y| Xy =2) = =
r(Mr 2 y| Xy = ) Pr (X7 € dz) or(x) oy aVvo,

where ¢r(z) denotes the density function of Xp. By a straightforward calculation,

_2(=y)(z—y)

Pr(mr <y|Xr=2x)=e 21 | y<zAO0, (2.3)
Pr(Mr > y|Xr =12) = e_Qy;%;w, y>axVO0. (2.4)

Note that the expressions on the right-hand sides of (2.3) and (2.4) do not contain
the drift parameter pu. As expected, when we let y — z, these two conditional
probabilities tend to 1. There is a simple way to see why these expressions do not
contain y. In fact, the Brownian bridge tied at z at time 7' can be constructed by

{X;} in the following manner.
t

Substituting X; = ut + oW, into the definition above, we have

Hence, the drift parameter is irrelevant, and we can derive formulas (2.3) and (2.4)

assuming = 0. We only need (2.1) and (2.2) with k = 0, the easy case.

2.3 Optional stopping theorem

Proposition 2.3.1 (Optional Stopping Theorem). Let {M;} denote a martingale

and T denote a stopping time. Then E M| = E[M,] if either of the two following
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conditions is satisfied: (1) T is bounded almost surely; (2) {M;} is uniformly inte-

grable, that is, sup E [[M|1(M; > z)] = 0 as © — o.
>0

2.4 Laplace transform of one-sided exit time

Proposition 2.4.1. Let X; = pt+oW; where {W,} is a standard Brownian motion.
Define by T, the first time the process {X;} reaches level b. For A\ > 0, the Laplace

transform of 7, is given by

—07b
“anl e A b>0
E[e?] = {6_9,\1’ b0 (2.5)

where

oF —p+ /1?4 202 i 6 —p — /12 + 2 o2
)\: an )\:

o2 o2

are the two solutions of the quadratic equation %2(92 +puf —A=0.

The proof of Proposition 2.4.1 is given in Section 2.6.2.

2.5 Esscher transforms

The concept of Esscher transforms was first introduced by Esscher (1932) for
a single random variable. Gerber and Shiu (1994a) then extended this definition to
the class of Lévy processes. Let {X;} denote a Lévy process. An Esscher transform
induces a new probability measure on {X;}. Let a be a real number such that
E [e*X1] exists. The expectation of h(X;,0 <t < T for some function h(-) under
the Esscher-transformed measure with index a is defined by

E [h(X,,0 <t < T)e¥7]

E[h(X,,0<t<T);a] = E [eaXr]

(2.6)

The Esscher transform can also be defined in multivariate cases. Let m-dimensional
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!/

vectors X; = (Xyy, Xog, -+, Xone) and @ = (aq,a2,- -+ ,a,). In an analogous

manner, we can have

E [h(X,0 <t < T)e¥Xr]

E[MX;,0<t<T);a] = B jeaXr] :

where abusing notation, we still use the same function h(-) for vectors. The two

factorization formulas below can be very useful in simplifying certain expectations.

E[e"h(Xy,0 <t <T);b] = B[00 - E[h(X,, 0 <t <T)a+d],  (27)

E [e“'XTh(Xt,O <t<T); b] —E [ea’XT; b} E[h(X,0<t<T)a+bl, (2.8)

where b = (bl, b2, s ,bm),.

It is not difficult to show that a Lévy process under the Esscher transform is
still a Lévy process. Consider one-dimensional case for example. For 0 < s < ¢t
and each Borel set C, the independent and stationary increments property of {X;}
under the original measure leads to
E [1(X; — X, € C)e*™t|F,]

E [eeX:| ]
_ E[1(X; — X, € Q)X F]
E [ea(Xe—X) | F]
_ E[1(X,_, € C)eXi—]
E [eaXe-5]
=Pr (Xt—s € Ca CL) )

Pr (X, - X, € C|Fi0) =

which shows that the independent and stationary increments property is satisfied
under the transformed measure with index a. The case of a multivariate Lévy pro-
cess can be treated in a similar fashion.

The following example considers Brownian motions, a special case of Lévy
processes, under Esscher transforms, and shows how to determine the drift and

volatility parameters under the new measure.
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Example 2.5.1 (Brownian motions under Esscher transforms). Let X; = ut + oW,

where {W;} is a standard Brownian motion. For 0 < s < ¢, it can be shown

E [ez(thXs)

Fsia] =E [ a] = exp ((n+ ao®)z(t — s) + Lo°22(t — 5))

from which we conclude that, under the transformed measure with index a, the
process {X;} is still a Brownian motion with the modified drift z + ao? and the
same volatility o. Likewise, one can also show that for an m-dimensional Brownian
motion with drift vector g and diffusion matrix ¥, its distribution under the trans-
formed measure with index a becomes an m-dimensional Brownian motion with

drift vector pu + 3a and the same diffusion matrix 3.

Example 2.5.2 (Option pricing by Esscher transforms). Let X; = ut + oW, where
{W,;} is a standard Brownian motion. In Gerber and Shiu (1994a), the method of
Esscher transforms was introduced as a powerful tool in option pricing. Assume
the risk-free interest rate is constant, denoted by r. Let S; be the time-t price of a

non-dividend-paying asset and
St = SoeXt,

where {X;} is a Lévy process. According to Gerber and Shiu (1994a), to find a
risk-neutral measure, an index a* is determined such that the discounted asset price
process {e™"S,} is a martingale under the transformed measure with the index a*.

Equivalently, this means that we need to solve the equation
E[e¥a] =", t>0 (2.9)

to get a*, which is unique (See Gerber and Shiu (1994b)). Then an option price is
calculated as the expectation, with respect to this particular risk-neutral measure,
of the discounted payoffs. When multiple risk-neutral measures are present, the

Esscher transforms method can yield a simple and unambiguous solution. However,
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in most part of this thesis except for Chapter 6, we will only consider a geometric
Brownian motion for the asset price process, in which case the risk-neutral measure

is unique.

2.6 Appendix

2.6.1 Proof of Example 2.2.1

Proof. We only derive (2.1). When g = 0, an immediate consequence of the re-
flection principle (Proposition 2.2.1) is that the two events { X7 > z,ms < y} and
{2y — X7 > x} occur with the same probability. When p # 0, we utilize the Esscher
tranform factorization formula (2.7). According to the discussion in Example 2.5.1,
under the transformed measure with index —%, the drift term of {X;} becomes

w— 502 = 0. Therefore,

E
—e”yE[ ]E[62XTIL(2y+XT>x) —£]

= e"Pr(Xr >z —2y).

The second to last step is due to the fact that X, and — X7 have identical distri-

bution when p = 0. O]

2.6.2 Proof of Proposition 2.4.1

Proof. First note that the two stochastic processes {e M+xXt} and {e-M*+0x X1}

are martingales. When b > 0, we apply the optional stopping theorem to the first
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martingale {e‘”*eixf} for the bounded stopping time 7, A t with some positive t.

In particular, we have

E |:€7/\(Tb/\t)+9;\LX7—bMi| - 1.
The equation above can be expanded as
E [e—AH"Y Xi)(t < Tb)i| +E [e—”b”f Xn1(t > Tb)] ~ 1. (2.10)

Observe that e’x Xt < /A when ¢ < Tp. Then we let ¢ — oo in the (2.10), and apply
the dominated convergence theorem. It follows that the first expectation tends to
zero and the second expectation tends to e/A’E [e™7] because X,, = b. Hence,

when ¢ — oo, (2.10) becomes
SR [ ] = 1,

from which the result follows immediately. When b < 0, we choose the second mar-

tingale and use a similar argument. O]
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CHAPTER 3

REVIEW OF EXISTING VALUATION APPROACHES

3.1 A brief overview

The purpose of this chapter is to provide the readers a brief literature review
of valuation approaches to pricing barrier options. Three particular methods will
be discussed. Our attention will be only given to those common types of barrier op-
tions within the classical BS framework (A review of option pricing in jump-diffusion
models will be given separately in Chapter 6). Due to our interest, some popular
barrier options, such as discretely monitored barrier options, will not be mentioned.
Before the survey, let us briefly review the basic set-up for option pricing.

We start with the filtered probability space (€2, F, F;, Pr) to describe the un-
certainty of the financial world, where F; can be regarded as the information avail-
able up to time ¢ and Pr is the physical probability. In the BS model, the asset

price process {S;} can be expressed as a geometric Brownian motion
Sy = Spexp(ut +cWy), 0<t<T, (3.1)

where 1 and o are constants, {W;} is a standard Brownian motion and 7' is a
fixed time horizon. We assume the asset pays no dividends, but nevertheless a
proportional constant dividend yield can be easily incorporated into the general
drift parameter. We also assume that the risk-free interest rate is constant, denoted
by r. Then according to Harrison and Kreps (1979) and Harrison and Pliska (1981),

no arbitrage argument leads to the existence of a risk-neutral measure Pr* equivalent
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to Pr such that the option value is calculated as the expectation of the discounted

payoff under Pr*. The dynamic of {S;} under Pr* is given by
S, = Syexp((r — o?/2)t + oW}, (3.2)

where {W/} is a standard Brownian motion under Pr*. We remark that the risk-
neutral measure can also be found by the method of Esscher transforms (See Ex-
ample 2.5.2). Because the asset price process has the same form under Pr* and Pr,
one can, without loss of generality, use (3.1) when deriving pricing formulas. Now
let us begin the literature review.

The valuation of single-barrier options can be traced back to the seminal paper
Merton (1973), which derived a closed-form formula for the price of a down-and-
out call by solving the BS equation subject to certain boundary conditions. The
application of binomial tree methodology to knock-out options with rebates can be
found in Cox and Rubinstein (1985). Static hedging was pioneered by Peter Carr
for pricing path-dependent options. It was shown in, for example, Carr and Chou
(1997, 2002) that barrier options can be replicated staticly by a portfolio of path-
independent options, the prices of which are fairly easy to calculate. The problem of
a two-sided barrier is far less straightforward to tackle. Based on the classical results
in Anderson (1960), Kunitomo and Ikeda (1992) expressed the prices of knock-out
call and put options with two exponential boundaries in terms of doubly infinite
sums of normal probabilities. Kolkiewicz (2002) studied the exit times distributions
using a new method and provided a general valuation for a large class of double-
barrier options. Using path counting and the reflection principle, Sidenius (1998)
and Li (1998) obtained closed-form solutions of double knock-out options with flat
boundaries and exponential boundaries, respectively. The Laplace transform ap-
proach was considered in Geman and Yor (1996) and Pelsser (2000). Buchen and

Konstandatos (2009) developed the method of images to price double knock-out
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options with exponential boundaries and arbitrary payoffs. The partial differential
equation approach can be found, for example, in Zvan, Vetzal and Forsyth (2000)
to price barrier options in a unified framework.

Two exotic variations of barrier options worth mentioning are outside bar-
rier options and partial barrier options, which were proposed by Heynen and Kat
(1994a) and Heynen and Kat (1994b), respectively. In an outside barrier option,
the asset (called an outside asset or an external barrier variable) associated with
the barrier provision is not the same asset underlying the payoff. Heynen and Kat
(1994a) and Carr (1995) evaluated this type of options based on a bivariate as-
sumption. Kwok, Wu and Yu (1998) extended to a multi-asset model with a single
external barrier variable, and the problem for double barriers was studied in Wong
and Kwok (2003). Skipper (2007) applied the method of images to a very general
barrier variable which depends on multiple asset prices through a power function.
In a partial barrier option, the monitoring period either starts after the initiation
time of the contract or ends before the maturity time. Carr and Chou (2002) ap-
plied the static hedging technique to price this type of options. Guillaume (2003)
derived a closed-form formula for a window double-barrier option where the moni-
toring period is a strict subset of the option’s lifetime.

In particular, we revisit three time-honored pricing methods in the literature
and present them in the remaining of this chapter. As pointed out earlier, in the
BS framework, no-arbitrage pricing only requires us to modify the drift parameter
of the asset price process and the problem reduces to the calculation of a general
discounted expectation. Therefore, most of the time in this thesis when we are in
the BS world, we treat a general drift parameter 1 and calculate related expecta-
tions. Since we assume a constant risk-free interest rate r, one can always obtain

—rT

the time-0 no-arbitrage price by multiplying back the discount factor e and re-

placing p by r — %02.
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3.2 Density integrations

The most direct way to determine the price of barrier options is to identify
the joint distribution of the underlying asset price at maturity and its extremum
restricted by the boundary up to the maturity time. Let my denote the running
minimum of X; = lng—é from time 0 up to time T: my = DrgntignT X;. Given an

initial asset price sy and an arbitrary payoff function 7(s), the forward price of a

down-and-out option with a barrier B can be expressed as
E [7(s0e*")1 (s0¢™ > B)|, so > B. (3.3)

It is sufficient to find the joint distribution of X7 and myp. Define the density

function g™ (z;y) by
gt (z;y)de = Pr(Xr € dz,mr >y), y <z AO.

Differentiating both sides of equation (2.1) with respect to z, we are able to ex-
press g*(x;y) solely in terms of the density function of X, denoted by ¢r(x). In

particular, we have
g (@5y) = dr(x) — eor(z — 2y),
where £ = 2. Then expectation (3.3) becomes

Es, [7(s0e™)1 (s9e™ > B)]

o B
m(s0e”)g" (m; In —) dz

S0

[eS) LB ) B
= / m(s0€®)pr(z)ds — *! 0 / 7(soe”)pr (:U —2In —) dz.
In £ In £ S0

S0 Ele)



22

The first integral is

/loo T(s0e”)pr(r)dr = /Oo T (506) 1 (506" > B)br(z)da

B o

=E [7(s50e*")1(s0e™" > B)]

= By, [7(Sr)1(Sr > B)],

where Eg [] means the expectation is computed given that the initial asset price

So = sp. By the change of variable 2z = x — 2In g, the second integral becomes

o] B 00 B2
/ m(s0e”)or (93 —2In —) dr = / m (—ez) ér (2)dz
ln% S0 —ln% S0
oo 2 2
= / T (B—ez> 1 (B—ez > B> or(2)dz
—00 So So

= Ep2 [7(Sr)1(Sr > B)],

where E 42 [-] means the expectation is computed given that the initial asset price

SO
B2 kln 2 B H . .. .
So = o Note that e 50 = o) Hence, we arrive at obtaining a representation

formula for the time-0 forward price of the down-and-out option:

E [7(s0e™T)1 (5™ > B)]

= Eso [W(ST)]I(ST > B)] — <§>HE32 [W(ST)IL(ST > B)] , Sg > B. (34)

S0 50

Remark 3.2.1. To evaluate the right-hand side of (3.4), one only needs to deter-
mine the first expectation. In fact, if we consider the first expectation as a function
of the initial price sg, the second expectation is the function just obtained but eval-

uated at B2,
S0

Remark 3.2.2. The calculations can be quite tedious if we choose to use the “real”
joint density function of X7 and my, that is, Pr(Xy € dz,mp € dy). See, for ex-

ample, Section 7.3.3 in Shreve (2010) which used several pages to integrate the joint
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density of X7 and its running maximum to derive the formula of the price of an

up-and-out call option.

Remark 3.2.3. To handle up-and-out or up-and-in options, one will need to find
the joint distribution of X7 and My, which can be derived from (2.2). Some may be
more interested in the joint distribution of the triplet (X, my, M), which is the key
to pricing double-barrier options. However, it turns out to be far less straightforward
to identify this joint distribution, especially when the drift parameter p is not zero.
The closed-form expression of this trivariate density has been available for quite
some time in the literature of probability theory (See, for example, formula (4.1.48)

in Kwok (2008)). Define the density function g(z;y, z) such that
g(z;y, z)dr = Pr(Xy € de,mqp > y, My < 2).
Then g(z;y, z) can be expressed as the doubly infinite sum

g(x;y,2) = Z WA Gz — 2(y — 2)n) — e pp(x — 2y — 2(y — 2)n)],

n=—oo

where ¢ (z) is the density function of Xr.

3.3 Static hedging

Static hedging was pioneered by Professor Peter Carr for the purpose of valuing
barrier options through a portfolio of path-independent options (See, for example,
Carr (1995), Carr and Chou (1997, 2002)). This technique is essentially derived
from applying the reflection principle to the underlying asset price process at its
first passage time of a pre-specified barrier. Let us first describe a different version

of the reflection principle for geometric Brownian motion.
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Proposition 3.3.1. Let 7(s) denote a general payoff function, and define its re-

flected payoff function with respect to the barrier B as

(s) = (g)nﬁ (B;) | (3.5)

where k = 2. Let t € [0,T). Then given S; = B, the payoffs 7(Sr) and 7*(St)

have the same conditional expectation.

Remark 3.3.1. Proposition 3.3.1 can be viewed as a more generalized version of
the reflection principle (Proposition 2.2.1) because the payoff function is arbitrary.

The expression (%)H accounts for the non-zero drift parameter.

Proof of Proposition 3.3.1. By the Esscher transform factorization (2.7), we have

|(5) (&)= () o= ofm ()

Because {(S;)7"} is a martingale,
B K

)

Under the transformed measure with index —x, X; = In g—; becomes a linear Brow-

St:B;—/@} )

nian motion with modified drift 4 — ko? = —u and the same volatility o. It then
follows that {X;,¢ < T} under the transformed measure has the same distribution

as {—X;,t < T} under the original measure. Hence,

| (s)

_E {W <Bef—zx) ;_ﬁ] B [r (BN = Elr (S1) |5, = B].

St = B, —H:|

Here we also use the fact that {X;} has independent increments. O
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Now let us explain the procedure of static hedging of, for example, a down-
and-out option. We claim that a down-and-out option can be replicated using a
path-independent option with maturity payoff

7(Sr)1(Sr > B) — (S—i)ﬂw (%2) 1(Sy < B).

Here, the word “static” means that we do not need to dynamically rebalance the
replicating portfolio prior to maturity. Define np(s) = w(s)1(s > B), then the
payoff above can be expressed as mp(Sr) — 75(Sr) where 75(s) is the reflected
payoff function of mg(s) as defined in (3.5). To hedge the down-and-out options,
one can at time 0 hold a portfolio consisting of a long position on the options
with payoff m5(S7) and a short position on the options with payoff 73 (S7). If the
barrier is never breached prior to maturity, the portfolio delivers a payoft of 7 (St),
matching the payoff of the barrier options. Otherwise, the barrier options expire
worthless upon breaching the barrier, and one can then close both positions in the
portfolio, also resulting in a zero value at the time of breaching, which follows from
Proposition 3.3.1.

Therefore, given Sy = sg, we can write the time-0 forward price of down-and-

out options as

B [ris0t ( iy 50> 5]

e snts > 21 | (2) 7 (Z)usr<m]. oo

Following the same argument used in the proof of Proposition 3.3.1, we can easily
demonstrate that the second expectation on the right-hand side of (3.6) is equal to

(E)” B [ (Sr) 1(Sr > B)].

S0 50
Hence, formula (3.6) indeed agrees with formula (3.4). The other three types of

single-barrier options can be hedged and valued in a similar fashion. Table 3.1
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summarizes the replicating portfolios for all types of single-barrier options. For a
comprehensive discussion of static hedging to price various types of barrier options

(and exotic variations), we refer to Carr and Chou (2002).

Table 3.1: Static hedging of single-barrier options

Option type Maturity payoft Static portfolio payoff
W(ST) ST < B
- - K 2
Up-and-out  7(Sr)1 (Oril%}% Sy < B) (B - B* Sy > B
St St
0 ST < B
—and-i K 2
Up-and-in ~ 7(S7)1 (oril%)% Sy > B) (S7) + B i B* S > B
St St
W(ST) ST > B
- - 1 K 2
Down-and-out 7(S7)1 (OrglgnT Sy > B) (B - B* Sy < B
St St
0 ST > B
- -1 3 K 2
Down-and-in  7(Sr)1 (OrglgnT S < B) (Sp) + (S£> - (?) S < B
T T

3.4 Method of images

The prices of barrier options satisfy the BS partial differential equation subject
to some boundary conditions modified to account for the barrier event. Merton
(1973) is considered as the first one appeared in the literature to solve the BS
equation and derive an explicit formula for the price of down-and-out call options.
The procedure is very similar to that for plain vanilla options such as calls and
puts. Under certain variable transformations, one would be able to translate the
BS equation to a heat equation subject to some semi-infinite boundary conditions,
which can be solved through a routine procedure.

Now we treat a down-and-out option as an example. Let v(s,t) denote its



27

time-t¢ price given that S; = s. Also, let u(s,t) denote the price of the corresponding
plain vanilla options without the barrier feature. We know that v(s,t) satisfies the
BS equation

1, ,0% dv v
503@+rs%—l—a—m:0, s>B,0<t<T, (3.7)

with the boundary conditions

v(B,t) =0, (3.8)

v(s, T) =u(s,T) = 7(s). (3.9)

One can formulate similar equations for the other three types of single-barrier op-
tions according to Table 3.2. Let us briefly explain the boundary conditions (3.8)
and (3.9): the down-and-out options become void upon breaching the barrier prior
to maturity, which yields (3.8); condition (3.9) basically means that the payoff 7 (s)

is granted at the time of maturity if the barrier has never been reached before.

Table 3.2: Active domains and boundary conditions for v(s, t)

Option type Active domain of (s,t)  Boundary conditions

v(B,t) =

Up-and-out (0,B) > [0.T) {’U(S,T) =u(s,T)

. U(B,t) :u(B7t)
Up-and-in (0,B) x [0,T) {’U(S,T) —0
Down-and-out (B,00) x [0,T) {U(B’t) !

U(S,T) = U(S,T)

) U(B,t) = U(B7t)
Down-and-in (B,00) x [0,T) {U(S,T) —0
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Now consider the following variable transformations:

r=In %, z=0(T —1t), H'(z,2)= e%””C(T_t)v(s, t),

1,22

where k = i—’; with p =r — %02 and ¢ = r + gr“o®. It is easy to verify that the

BS equation (3.7) to (3.9), after the transformation, reduce to a heat equation for

HY(z,2):
10°H* OH"
S - < o*T 1
5 52 P 0, z>00<z<0T, (3.10)
with the boundary conditions
H"(0,z) =0, (3.11)
H®(z,0) = e2"7(Be"). (3.12)

This is a semi-infinite boundary problem which can be solved using variable sep-
aration or the Fourier transform inversion. It is called “semi-infinite” because the
active domain of x is the positive real line.

We now introduce an approach called method of images, which can signifi-
cantly simplify the derivation when dealing with the heat equation. Note that if
H"(x,z) is a solution to (3.10), so is —H"(—=x, z). Hence, we can somehow extend
the domain of = to the whole real line so that we will be dealing with an “infinite”
boundary problem instead, and we also want the condition (3.11) satisfied auto-
matically. Let us see how to achieve this. Recall that u(s,?) denotes the price of
the corresponding plain vanilla options. The it also satisfies the BS equation (3.7)
but the active domain of (s, t) becomes (0,00) x [0,T) and it is only subject to the
second condition (3.9). We can make the exactly same change of variables for u(s, t)

and obtain its corresponding heat equation of H"(z, z):

1O2H"  OH"

2
S o 0, —oco<z<00,0<z<0’T,
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with the boundary condition
H"(z,0) = e%’“ﬁ(Be”C).

Notice that the equations above lead to an infinite boundary problem. We further
refine the boundary condition so that the function vanishes on the negative real line.
To do this, let @(z, z) denote a function such that its corresponding transformed

function H%(x, 2) satisfies

10°H* OH" 5
292 s =0, —oco<r<oo,0<z<Lo T,
with the boundary condition

H%(z,0) = e2"*n(Be®)1(z > 0).

Therefore, u(s,t) corresponds to the time-¢ price of a plain vanilla option with payoff
function equal to 7(s)1(s > B). We now can observe the following relation between

H%(z,z) and H(z, 2):
HY(z,2) = H"(2,2) — H*(—x, 2).

In particular, one can verify that the right-hand side of the equation above satisfies
equations (3.10) to (3.12). To obtain the relation between v(s,t) and a(s,t), we

reverse the change of variables. It follows that

v(s,t) = e’%’“‘”’((T’t)H”(x, z)

e 2T =0) [H*(z,z) — H*(—x, 2)]
_ o yre—C(T—t) [e%m%(pt)a(s’t) _ ef%chrC(Tft)ﬁ(Befx’t)
= u(s,t) — e "u(Be " t)

(s ) — (g)u (B;,t) , (3.13)

where we have defined u(s,t) as the time-t price of a binary option with payoff
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function 7(s)1(s > B). Hence,
(s,t) =B [e ™" n(Sr)L(St > B)|F;, S = ],

and formula (3.13) agrees with (3.4) and (3.6) when ¢ = 0.

Remark 3.4.1. The method of images approach can also be used to evaluate more
sophisticated barrier options. See the book Buchen (2012) for the development of
this approach in pricing a variety of exotic options. In Buchen and Konstandatos
(2009), the method of images approach was extended to price double knock-out

options with exponential boundaries and arbitrary payoffs.
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CHAPTER 4

PRICING BARRIER OPTIONS VIA EXPONENTIAL
STOPPING: A NEW VALUATION APPROACH

4.1 Introduction

It seems that little can be further achieved in option pricing under the cel-
ebrated BS framework. We show an opposite view by presenting a new valuation
approach to pricing a large class of barrier options. The pricing of path-dependent
options such as barrier options usually requires one to take advantage of the sym-
metry property of Brownian motions, which is typically expressed by the reflection
principle. In addition, when dealing with more complicated barrier options, chang-
ing the drift of a Brownian motion from one to another is inevitable, and this is
usually done by change of measure using the Girsanov theorem.

In this chapter, we shall price a variety of barrier options using a new method
based on exponential stopping, which obviates the explicit needs for the reflection
principle and change of measure. The exponential stopping basically replaces the
fixed maturity time by an independent exponential random variable, leading to the
Laplace transform of the option value with respect to the maturity time. Partially
thanks to the memoryless property, this Laplace transform is fairly easy to calcu-
late in an explicit form (See Geman and Yor (1996)). However, we will not invert
the Laplace transform, instead we shall manage to show that the exponential stop-

ping directly yields the option value for fixed maturity time. The most exotic case
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we consider in this chapter is a double knock-out option with exponentially time-
varying boundaries and arbitrary payoffs. We refine the path counting technique
(See Anderson (1960), Li (1998) and Sidenius (1998) for example) to express the
double knock-out event as doubly infinite sums, and our results can be structured
to price more exotic variations of barrier options, which will be discussed in detail
in Chapter 5. We should point out that all the formulas derived in this chapter
using our new method have been available in the literature in some alternative ex-
pressions.

Let us describe the organization of the remainder of this chapter. Section 4.2
treats barrier options with a single flat boundary. Section 4.3 treats barrier options
with an exponential boundary. Section 4.4 treats a double knock-out option with
exponential boundaries, discusses the convergence about one of our major pricing

formulas and provides some numerical examples.

4.2 Single-barrier options

We follow the setting for the BS model described at the beginning of Chapter

3. Define the hitting time of {S;} with respect to a barrier B as
5 = inf {t > 0|S; = B}.

Given an initial asset price so < B, the time-0 forward price of an up-and-in option

corresponds to the expectation
Eg, [7(S7)1(1p < T)]. (4.1)

Depending on whether the terminal asset price is above or below the barrier, the

expectation (4.1) can be further written as the sum of the following two terms,

E,, [7(Sy)1(Sy > B, 75 < T)] + By, [r(St)1(Sr < B,m5 < T)].  (4.2)
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Note that every continuous path of the underlying asset price process that starts
at sp < B and terminates at St > B must breach the barrier before maturity, and

thus the first expectation in (4.2) simply reduces to
oy [7(S1)1(S7 > B)]. (43)

To determine the second expectation in (4.2), we resort to the exponential stopping
of Brownian motion. In particular, let €, denote an exponential random variable
with mean 1/\ and independent of the process {S;}. We replace the fixed maturity

T by e, and evaluate the expectation
Eg [7(S:,)1(S:, < B, 75 <€))]. (4.4)

Conditioning on the stopping time 75, we apply the memoryless property of ex-
ponential distribution and the strong Markov property, and hence arrive at the

equation
Eq, [7(S:)1(Ss, < B, 75 < e\)|Frg, 78] = e P Ep [7(S.,)1(S., < B)].
By the law of iterated expectations, (4.4) is rewritten as

Ej, [7(S.,)1(S:, < B,7p < ¢))] = Ey, [e ] - Eg [7(S.,)1(S., < B)]

()" Ba (51, < B (45

where 6 denotes the positive root of the equation of 4
o2
?92 4+ — X = 0. (4.6)

The last step is an immediate consequence of Proposition 2.4.1 by setting b = In g.
+

Note that the expression (%9)9* in (4.5) depends on the parameter A\. Now we

let s; be a number such that s; > B. Then every continuous sample path of the

underlying asset price process that starts at s; and terminates below the barrier
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must breach the barrier before maturity. Therefore, we have

ESl [W(SEA)IL(S@\ < B)] = ESl [W(SE)\)IL(SQ < B, < 5)\)]
= E,, [e—”B] -Ep [7(S.,)1(S., < B)]

- (2) Ep [r(S:,)1(S:, < B)], (4.7)

where 0, denotes the negative root of the equation (4.6). By the memoryless prop-
erty and the Markov property, the derivation of (4.7) is essentially the same as that

of (4.5). We specifically choose

2
s =2 (4.8)

S0
Then s; > B because we assume so < B. It is implied by (4.7) that
s
B [r(5:)1(5-, < BY) = (22)" By [n(S2,)1(S, < B)].
50
Substituting the equation above back to (4.5) yields

E,, [7(S.,)1(S., < B, 15 < £3)] = (@)91 N B [7(S.)1(S., < B)]

B o >
_ (E)E [m(5:)1(S., < B),  (49)

where

_ 2u
__(GIJFQA):;

because 0y and 6 are the solutions of the equation (4.6).
Note that the choice of s; given by (4.8) makes the expression (%) indepen-
dent of the parameter A. Therefore, we claim that the exponential random variable

€, can be changed back to a positive fixed time 7', and we obtain a formula for the

second expectation in (4.2):

E,, [7(Sp)L(Sy < B, 75 < T)] = (EYEBQ [r(S7)1(Sr < B)]. (4.10)

S0 S0

This can be heuristically derived from the fact that the collection of combinations
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of exponential distributions is weakly dense in the set of all distributions defined
on the positive real line (See, for example, Dufresne (2007)). As a consequence,
equation (4.9) still holds if €, on both sides is replaced by an arbitrary positive
random variable independent of {S;}, and of course, by a positive fixed time T" as a
special case. Combining (4.2), (4.3) and (4.10), we arrive at getting a representation

pricing formula for up-and-in options:

By [7(S2)L (s < T)] = Euy [r(S2)1(Sr > B)] + (E) Eus [7(Sr)1(Sr < B)].

SO El)
where the expectations on the right-hand side are the forward prices of some binary

options (all-or-nothing options), which are easy to calculate.

Remark 4.2.1. There is an altenative way to see why equation (4.9) also holds for

any positive fixed time. Define an auxiliary function A; such that

Ay = By, [7(S)1(S, < B,7s < )] — <§)HE32 n(S)1(S, < B)].

So S0

Then equation (4.9) implies that the Laplace transform of A; is zero for every

/ G_AtAtdt =0.
0

The Laplace transform is in general not a one-to-one operator, so the function whose

positive A:

Laplace transform is zero may not necessarily be a zero function. Here we want to
further assume that the function A; is continuous in ¢, then one can conclude that
A; = 0 for every positive ¢, which leads to (4.10). The proof of this claim is a simple

exercise in real analysis and will be provided in Section 4.5.1.

For down-and-in options, we do not need to repeat the entire procedure de-

scribed above; instead, we can simply switch the positions of the process {S;} and
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the barrier. It then follows that with sy > B, the time-0 forward price of down-

and-in options is given by

E,, [1(Sr)1(rs < T)] = By, [r(S7)1(Sr < B)] + (E)REBQ [r(Sr)1(Sy > B)].

50 50
The corresponding knock-out options can be valued by the in-out parity. The fol-

lowing theorem provides the prices of all types of single-barrier options.

Theorem 4.2.1. Given initial asset value sg, the time-0 forward prices of up-and-

in, up-and-out, down-and-in and down-and-out options are respectively given by

B\" B?
Vuj = V;_(SO,B) + (—> Vﬂ_ (—,B) , So < B7 (411)
S0 S0
B\" B?
Vuo = Vﬂ.i(S(), B) — (—) Vﬂ.i (—, ) , S < B, (412)
So So
B\" B?
Vg = VW_(SQ, B) + (-) V;— (—, B) , So > B, (413)
S0 S0
B\" 2
Vdo = V;_(So, B) — (—) V;_ (—, B) , So > B, (414)
So So
where
VE(s,x) = E, [r(S7)1(Sp = )] (4.15)

denote the time-0 forward prices of some binary options and k = i—’;
Remark 4.2.2. It is worth mentioning that our approach does not use traditional

techniques such as the reflection principle and change of probability measure.

Remark 4.2.3. We also remark that Theorem 4.2.1 delivers representation for-
mulas for single-barrier options which are written as combinations of the prices of
binary options (all-or-nothing options). These expressions show their advantage in

being extended to study the cases of a variety of exotic variations of barrier options,
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which will be discussed in the next chapter.

Example 4.2.1 (Up-and-in call and put options). We make the formulation a
general one by treating an arbitrary payoff function m(s). In this example, the
explicit solutions of up-and-in call and put will be given. Let 7(s) = (s — K)" or
(K — s)™ where K is the strike price. We assume the underlying asset does not pay
any dividends. To derive the time-0 no-arbitrage prices, we multiply the discount
factor e’ and let the drift term pu = r — %U2 in the formulas in Theorem 4.2.1.
The time-0 no-arbitrage price of up-and-in call options is given by
o frrs (O () ()]
d(so; K, K) K>B

and the time-0 no-arbitrage price of up-and-in put options is given by

B\" B? B?
(_) {d (_; K, K) KT - _} K<B
_ S0 S0 50
Vuip - B K B2 B2
d(so; K, K) — d(so; K, B) + (—) [d (—;K, B) + Ke'T — —}K > B
S0 S0 S0
where

d(s;x,y) =sP <ln§ + (7” * %02) T> — Z'G*TT(I) (hli + (T - %0'2) T)

oVT
denotes the value of a gap option with initial asset price s, strike price x and trig-

ger price y, and ®(-) is the distribution function of standard normal random variable.

4.3 Single-barrier options with exponential boundary

We can easily extend to the case where the asset price process is restricted by
an exponential boundary. Assume the boundary B, = Be’*, and thus the time-0

forward price of an up-and-in option is expressed as

0<t<T » S0 <B.

E,, [W(ST)IL ( max (S, — Be’) > o)
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Define S, = S;e~ and 7(s) = m(se’T). One can rewrite the expectation above as

E,, [ﬁ(S*T)JL (max (S, — B) > 0)} . So=sy<B.

0<t<T
This reduces to the problem of up-and-in options with flat boundary B where the
asset price process is {S;} and the payoff function is 7(s). Applying equation (4.11)
in Theorem 4.2.1 yields

E,, [W(ST)JL (Org%xT (S; — Be) > 0)]

2(p—9)
BY 2 B2
=V} (s0, Be'T) + (—) V- <—, Be‘ST> :
So S0

The other three types of barrier options can be valued in a similar fashion. We

obtain the following corollary.

Corollary 4.3.1. Given wnitial asset value sy, the time-0 forward prices of up-
and-in, up-and-out, down-and-in and down-and-out options with the exponential

boundary B, = Be®t are respectively given by

B\" 2

Vew = VT (s0, Br) + —) |7 (s_’BT) . 50 < B, (4.16)
0 0
B\" B2

‘/euo = vﬂ—i (50; BT) - (_> VT: <_, BT) s S < B, (417)
S0 S0
B\" 2

Veai = V. (S0, Br) + (—) |7 (—,BT> . So > B, (4.18)
S0 S0
B\" B2

V:edo = V;— (50, BT) - S_) V;r (S_’ BT) , So > B, (419)
0 0

Remark 4.3.1. As a check, we can let 6 = 0 in Corollary 4.3.1 to recover the

results in Theorem 4.2.1.



39

4.4 Double-barrier options with exponential boundaries

We in this section tackle the problem of double-barrier options delimited by
two non-parallel curved boundaries that vary exponentially in time. Denote by U; =
Uet and L, = Le®! the upper boundary and the lower boundary respectively. If
8, = 65 = 0, it reduces to the case of two flat boundaries. We assume Ue®T > Le%T
to guarantee that these two boundaries do not intersect before maturity.

A double knock-out option comes into being if the underlying asset price never
breaches either barrier prior to maturity. Otherwise, the option expires worthless

upon the time of breaching. Therefore, its time-0 forward price is given by

0<t<T

Es, |:7T(ST)]1 (max (Sy — Uet) < 0,Or<nti<nT(St — Le™') > O)} , L<sy<U.
Define two hitting times of {S;}
Ty = inf{t > 0|S; = Ue™'} and 7, = inf{t > 0|S, = Le**'}.

Let 7y A 71, denote the minimum between 7y and 77, then the time-0 forward price

of double knock-out options can be rewritten as
Eso [W(ST)I[(%U/\%L >T)], L <syg<U. (420)

The evaluation of (4.20) is far less straightforward than that for a single-barrier case
because the path-dependent component is characterized by two barriers instead of
one. Therefore, the relative order of the process {S;} in breaching the two barri-
ers should be carefully considered. Our approach further modifies the results in Li
(1998) and Sidenius (1998) and decomposes the double knock-out event 7y A7, > T

according to a series of breaching patterns.



40

4.4.1 Path counting of double knock-out

Definition 4.4.1. Let By denote the sample space of all continuous paths of the un-
derlying asset price process {S;} over the time interval [0, T'|. We introduce {B,, },>1
and {B_, },>1, two sequences of subsets of By. For Sy < U, let B,, be the event that
there exist n time points 0 < t; < -+ <t < --- < t, < T, such that S;, = U,

when £ is odd and S;, = L;, when k is even. Analogously, for Sy > L, let B_,, be

k

the event that there exist n time points 0 < t; < --- <ty < --- <t, <T, such that

St = Ly, when k is odd and S;, = U;, when £k is even.

Remark 4.4.1. Sidenius (1998) and Li (1998) also introduced analogous concepts
as in Defintion 4.4.1; the former treated flat boundaries and the latter treated ex-

ponential boundaries.

Figure 4.1 shows possible examples of the events of interest, Bs,, Ba,_1, B_2,
and B_(2,—1), for L < Sy < U and two flat barriers. Obviously, B, is the event that
the process {S;} alternates breaching the two barriers for n times and starts with
an upcrossing; B_,, is the event that the process {S;} alternates breaching the two
barriers for n times and starts with a downcrossing. The following nesting relations

can be obtained by inspection:
By D> B, DBy, BoDB_p DB o1y, n=12,---, (4.21)
and when L < Sy < U,
B, D B_(nt1y, B D Bpp1, n=12---. (4.22)

Using the concept of path counting, we obtain the following identities, which serve

as the basic ingredients in deriving the prices of double-barrier options.
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B, A - IR A QH/“'

Figure 4.1: Examples of By,,n > 1.

Proposition 4.4.1. When L < Sy < U, almost surely,

17y <7 AT) = i 1g,, , — i 1s_,,, (4.23)
n=1 n=1
17, < 7y AT) = i L5 o ) — f: 15, (4.24)
n=1 n=1
As a result,
1(7y A7y > T) = i 1, — i 15, .- (4.25)

n=—oo n=—oo
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Remark 4.4.2. The intuition behind Proposition 4.4.1 is not difficult to understand
if one uses the inclusion-exclusion reasoning and notices the nesting relations (4.22).
For example, the left-hand side of identity (4.23) means that the process {S;} hits
the upper barrier first and it occurs before the maturity time 7. It is natural to
include the event B;. But B; may contain the possibility that the lower barrier is
hit first, which should be excluded. Thus we subtract B_,. But B_5 also contains
the possibility that the upper barrier is hit first and should be included. Thus we
add back Bs. Note that By D B_s D B3 D B_4 D ---. We continue this procedure

for indefinitely many times and obtain
Ly < F AT)=1p, —Lp, + g, — L, + = g, — > Lo,
n=1 n=1

Switching the two barriers in (4.23) yields the second identity (4.24).

Remark 4.4.3. The utilization of path counting or similar techniques can be traced
back to, for example, Anderson (1960) which obtained some fundamental results
such as the probabilities of a standard Brownian motion hitting one linear bound-
ary before hitting the other one. To derive the corresponding probabilities for a
geometric Brownian motion, one can use the Girsanov theorem to perform change
of measure and take an exponential transformation of the Brownian motion. For a
detailed discussion about the case of geometric Brownian motion, we refer to the

proof of Theorem 2.1 in Kunitomo and Ikeda (1992).

It is worthwhile to point out that the right-hand sides of (4.23), (4.24) and
(4.25) are all well-defined because the infinite sums on the right-hand sides of the
identities are all finite almost surely. This can be guaranteed by the following propo-

sition.
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Lemma 4.4.2. For every outcome w € By, there exists an integer N such that the

given outcome is not in By, for alln > N.

Lemma 4.4.2 follows from the result given in Sidenius (1998), which consid-
ered two flat barriers. For the sake of completeness, we also give an outline of the

proof here.

Proof of Lemma 4.4.2. Without loss of generality, we show the existence of N for
B,,n > 1. For a given outcome w in By, it induces a continuous function S;(w) over
the finite interval [0, T']. If the conclusion is not true, then there exist two increasing

sequences of time points {t;"} and {¢,,},n = 1,2, ..., in [0,T] such that
Spp(W) =Uy, Sp-(w)=L,, 5 <t, <tr,,. (4.26)

The sequence {t;}} on the compact set [0, 7] guarantees a subsequence that coverges
to a time point, say t*. By the continuity of the functions S;(w) and Uy, we have
S+ (w) = Ug+. However, for every neighborhood of ¢*, there will be infinite many
points of {¢}} in it according to the definition of limiting point. Thus, by (4.26),
the given neighborhood will also contain a point, say ¢t~ such that S;-(w) = L;-,

which violates the continuity of S;(w). O

Now, let us rigorously demonstrate Proposition 4.4.1. We shall present two

different proofs. The first one is based on Lemma 4.4.2.

First proof of Proposition 4.4.1. We only prove (4.23), and (4.24) is readily ob-

tained by switching the two barriers. Note that

:ﬂ_(%U/\%L>T>:1—]]_(%U<’7~'L/\T)—I]_(7~'L<7:U/\T),
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and 1g, = 1 almost surely, then identity (4.25) follows immediately. It suffices to
show that both sides of (4.23) are identical for every outcome w € B,. We basically
have two cases.

The first case: When the left-hand side of (4.23) is one, either the event {7y < T <
71} or the event {7y < 7, < T} occurs. If 7y < T' < 7, then the sample path
stays above the lower barrier before maturity, and hence, each indicator function
on the right-hand side of (4.23) vanishes except that 1z, = 1. If 7y < 71, < T, we
apply Lemma 4.4.2. There exists a minimal integer NV such that 1z, = 0 when
n > N. Note that N > 2 because the sample path breaches both barriers at least
once before maturity. Assume N is an odd number for the given sample path and
in particular, N = 2M +1 for some M > 1. Therefore, the right-hand side of (4.23)

reduces to a finite sum

M+41 M

Z 15, . — Z 1z,,- (4.27)
n=1 n

=1

The minimality of N ensures that at least one of 15, and 1pz_, is equal to one. In
fact, one can show that for the given sample path such that 7y < 77, < T, 1p, =1
and 1, = 0. Suppose 1z, = 1, for example. Since the sample path breaches
the upper barrier first, then 1s, , = 1, which violates the minimality of N. The

nesting relations (4.21) and (4.22) imply that
HBnZHBN:L 1§7”LSN—1

Therefore, the expression (4.27) becomes (M + 1) — M = 1, which gives the right-
hand side of (4.23). When N is an even number, the argument follows similarly.

The second case: On the other hand, when the left-hand side of (4.23) is zero, either
the event 7y A 7, > T occurs or the event 7, < 7y AT occurs. If 7y A7 > T,
then the two barriers are never breached before maturity time 7', and hence each

indicator function on the right-hand side of (4.23) is zero. If 7, < 7y AT, one can
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repeat those steps for the first case. O

Second proof of Proposition 4.4.1. This proof is simpler than the first one and is
derived from the following two recursion formulas. When L < Sy < U, the following

identities hold almost surely for n > 0:

15,4, = 1p_,m+ + 15, 105 (4.28)

15 0 = Lsons- + 15, 05t (4.29)

where we define BY = {7y < 7, AT} and B~ = {7, < 7y AT}. We only show
(4.28), and identity (4.29) can be derived in a similar fashion. By Definition 4.4.1,
the event B,, ;1 can be decomposed as the union of two disjoint events, B_, BT and
B,.1 N B~, depending on which barrier is breached first before time 7. Apparently,
for every w in By, if the sample path {S;(w),0 <t < T’} breaches the upper barrier
first, then w is in B_, N BT; otherwise, if the sample path {S;(w),0 < t < T}
breaches the lower barrier first, then w is in B,,.;1 N B~. Now, to evaluate 1z+ and
13-, one simply recursively apply (4.28) and (4.29) starting at n = 0. For example,

we have

Ig+ = 1p, — 1g,nB-
- :H-Bl - (]]-sz - 187203"')

- :H-Bl - ]]-Bfg + 183 - ]]-83087

o oo
- E 1527171 - E ]]'87271'
n=1 n=1

The indicator 1z- can be evaluated in a similar fashion. O
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4.4.2 Pricing formula for double knock-out options based on
exponential stopping

Identity (4.25) demonstrates how double knock-out options can be hedged and
valued by a series of options that are activated given the two barriers are breached in
certain patterns. We shall show that each such option can reduce to a combination
of plain vanilla options, and as a consequence, we represent the price of double
knock-out options in terms of the prices of a combination of plain vanilla options.

Define Bf(s) = E; [7(St)] and for n > 1,

Br(s) = Eg [7(Sr)lg,], s<U, (4.30)

B™.(s)=E, [x(Sr)1s.,], s> L. (4.31)

The recursion formulas for B (so) and BT, (s¢) are presented below.

Lemma 4.4.3. Forn > 2 and L < sq < U,

B™(s0) = (g) BTy, <U—2) , (4.32)

So So
L\"™ L?
BT, (s0) = (—) By, (—) , (4.33)
S0 S0
where Ky = 2(“’0_251) and ko = 2(“0_252)

We shall later give a proof of Lemma 4.4.3 via the exponential stopping of
Brownian motion, which does not require the traditional techniques including the
reflection principle and change of probability measure. For an alternative proof that
applies these techniques, one can directly read Section 4.5.2.

Now let us combine Lemma 4.4.3 and identity (4.25) in Proposition 4.4.1 to
derive the pricing formula for the double knock-out options, which leads to the fol-

lowing theorem.
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Theorem 4.4.4. Given initial asset value sy where L < sy < U, the time-0 forward
price of double knock-out options with exponential boundaries U, = Uet and L, =

Le®t is given by the doubly infinite sum

0 571 Tn e . . T K2 i} 12
Vedko = Z (SOL ) B [VW (508°") — (W) Vi (W)}’ (4.34)

where 3 = 5,% =n(Kky — K1), K1 = 2(“0—_261),&2 = @ and
V*(s) = Eg [7(S7)1(Ly < St < Ur)] (4.35)

denotes the time-0 forward price of a binary option.

Proof of Theorem 4.4.4. Applying inductions of (4.32) and (4.33) yields, for n > 1,

Lnfl n(ka—K1)—Ks2 U2n
B§n<80) = (SO ) Bil <—) ) (436)

n SOLZTL—Q
ne (n—1)(k2—kK1)+kK2 K2 2n—2
- SOL 2 L - SoL
B3, 1(s0) = ( [jn—1 ) <s_0) By ( [j2n—2 ) (4.37)

The expressions of B™,, (so) and B™ ,, ;)(so) can be directly obtained by switching

the two barriers in (4.36) and (4.37), respectively. Hence,

n—1\ n(k1—r2)—r1 2n
e SOU ! - L
Bf2n(80) = < Ln ) Bl (30U2n—2> ) (438)

n—2Y\ (n—1)(k1—r2)+r1 K1 2n—2
s SOU 2 U - SoU
B—(2n—1)(so) - ( In—1 ) <8_0) BT, ( [2n—2 |- (4.39)

One can notice that when L < s < U, B7(s) represents the forward price of an up-

and-in option with the upper barrier U, = Ue®* and B™,(s) represents the forward
price of a down-and-in option with the lower barrier L, = Le®*. As an immediate

result of Corollary 4.3.1, we have

U\"™ U?
B?(S) = ‘/ﬂ.+ (S, UT) + (—) Vﬂi (?, UT) , §< U, (440)

S

) L\™ . (L
BU(s) =V, (s.Lr)+(T) Vi (TLr). s>L (4.41)

S
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Let us define 7(s) such that
7(s) =7(s)1(Ly < s < Ur).

The double knock-out event 7y A7, > T implies that the terminal value of the asset
price must be in the range (Lz, Ur), otherwise the option will be knocked out and

the payoff becomes zero. Hence, we have
W(ST)I[(%U/\%L>T):7AT(ST)]1(7~'U/\7~'L>T), (442)

and we can feel free to replace 7(s) by 7(s) in all equations (4.36) to (4.41). Note
that when 7(s) is replaced by 7(s), the first terms on the right-hand sides of (4.40)

and (4.41) vanish. Combining equations (4.36) to (4.41) leads to

n—1\ n(ke—k1)+k2 K2 2n

# SoL 1 L % SoL

Bl o) = () (5) v (%)
n—1\ n(k2—K1)—kK2 2n

an—1(50>:( i ) Vv (—SOLQH), (4.44)
n—1\ n(ki—k2)+rK1 K1 2n

& S()U ! U « S()U

By, (s0) _< o ) <S—O> vy < o ) (4.45)

n— n(k1—kK2)—K1 2n
# soU" . L
B@””(SO):( L ) " (50U2n—2)' 0

By identity (4.42) and the path counting (4.25) in Proposition 4.4.1,

Eso [F(ST)IL(%U N Tr > T)] = Eso [ﬁ'(ST)IL(%U N Tr > T)]

= Z B;rn(SO)— Z BS’n—l(‘SO)‘

n=—oo n=—oo

Here, the order of expectation and summation can be exchanged due to the fact that
the corresponding indicator functions and the payoff function are all non-negative.
We then substitute (4.43) to (4.46) into the last equation and formula (4.34) follows

after some simple rearrangements. O]
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In Theorem 4.4.4, the price of double knock-out options is expressed as dou-
bly infinite sums of the prices of path-independent options. This formula was first
derived by Kunitomo and Ikeda (1992) for call and put options. Once the path-
independent options are valued, the representation formula (4.34) becomes explicit.
In fact, closed-form solutions of the binary option price V*(s) are available for most
payoff types. Due to the rapid decay of normal probabilities, we shall explain that
the doubly infinite series converge under some mild conditions such as boundedness
of the payoff function over the finite interval (L, Ur).

Buchen and Konstandatos (2009) also discussed the pricing of double knock-
out options with exponential boundaries and arbitrary payoffs, and they used the
method of images approach to derive a pricing formula equivalent to (4.34). When
the payofl is of call or put type, our formula (4.34) reproduces the results obtained in
Kunitomo and Ikeda (1992). The well-known formula for double knock-out options
with two flat boundaries is clearly contained in Theorem 4.4.4 as a special case if
we let ) = 92 = 0. Then k1 = k9 = K = %%,fyn = 0 and the following corollary is

obtained.

Corollary 4.4.5. Given initial asset value sy where L < sq < U, the time-0 forward
price of double knock-out options with flat boundaries U and L is given by the doubly

infinite sum

o0

Vio= S0 8 [0 (o) — () 7 (2 (4.47)
dko — T \°0 SOBQn a SOﬂZn ? '

n=—oo

We shall show in Section 4.5.3 a shortcut to get (4.47), which obviates the
need for Theorem 4.4.4 or path counting like (4.25). The proof will stand on its

own and basically utilizes the geometric expansion of the barrier option value after
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we take the exponential stopping of the asset price process {S;}. Unfortunately,
this approach fails when the two boundaries are non-flat and exponentially curved

with different curvatures (d; # ds).

Example 4.4.1 (Double knock-out call and put options). We first observe the

following relations

V*(s) =V (s,Up) — V. (s,Ly) = V. (s, L) — V" (s,Ur), (4.48)

™ ™ ™

where V*(s) is given by (4.35) and we have defined V. (s, z) = E, [7(S7)1(Sr = z)]
when studying single-barrier options. Let us consider call and put options for the
pricing formula (4.34), where 7(s) = (s — K)* or m(s) = (K — s)* for a strike
price K which is assumed to be between Ly and Ur. We use relations in (4.48) to
calculate the binary option price V*(s). For example, if w(s) = (K —s)*, V. (s, Ur)
reduces to the forward price of a K-strike put and V.~ (s, L) reduces to the for-
ward price of a K- strike gap put with trigger price Ly. Similar argument follows
if m(s) = (s — K)*. We shall not write down the explicit solutions of the double
knock-out call and put since they are too lengthy. Interested readers can refer to
Kunitomo and Ikeda (1992) for the corresponding explicit formulas. These exam-

ples will be numerically implemented in Section 4.4.3.

Now let us go back to prove Lemma 4.4.3 based on the exponential stopping

of Brownian motions.

Proof of Lemma 4.4.3. We only demonstrate (4.32), and (4.33) follows by switching
the two barriers. Without loss of generality, it is sufficient to deal with one flat
boundary and one curved boundary. Let ; = 0 in (4.32), in which case, k1 = 24 and

B,, becomes the event associated with an upper barrier U, = U and a lower barrier
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L, = Le®'. In light of the idea used in the derivation for single-barrier options, we
replace the fixed maturity time 71" by an exponential random variable €, which is
independent of the process {S;} and has mean 1/\. Denote the corresponding event

by B, when the maturity time is €,. For notional convenience, we write
E[Y1a =E[Y; A

for a random variable Y and an event A. Define

~

Eﬁ(s):Es (S, ); Bn,ex <T|, n>2,

A

The event ¢, < T'is included to avoid the situation where the two barriers intersect

before the maturity time 7. We aim at showing

BT (so) = (Q) N B, (Z—j) (4.49)

So
with k1 = i—g By definition, the event B,,n>2, implies that the process {S;} must

breach the upper barrier at least once prior to maturity. Hence, we have
BT (s0) = By, |7(S.,); Bn,ex < T, 1y < 8,\] : (4.50)

where 7y is the hitting time. Because of the memoryless property of €, and the

strong Markov property,

Es, |:7T(S€A);8n,€)\ <T, 7y < 8)\‘.F7—U,TU]

_ U, [w(sﬂ); Bo,ex < T|Fop 70,700 < eA}

= ey [1(8.): B e < T =] (4.51)
where [S’ﬁf), t > 0, is defined as the event associated with a lower barrier starting at

the level Le®'. When t = 0, the event B simply reduces to B,. See Figure 4.2 as

a visual aid to understand (4.51).
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Figure 4.2: An illustration of equation (4.51)

Now we introduce an auxiliary function A; such that
A, = Ey [W(SQ);B(_?”_D,@ <T-— t] . t>0.

Then (4.51) can be expressed as e *V A, and by the law of iterated expectations

as well as the definition (4.50),
B (s) = Eq [e AL, ] (4.52)

Now let us evaluate the right-hand side of (4.49). Let s; = g—j Then s; > U because
sg < U. Given Sy = s, B,(n,l),n > 2, implies that the process {S;} must breach

the upper barrier from above prior to maturity. It then follows that

Bi(n—l) (Sl> — Lisy |:7T(S€>\);B—(n—1)75>\ < T]

E
- ES1 |:7T(S€>\)) BA—(n—l)7€>\ S Ta TU < 8)\i|
E

In the last step we also apply the memoryless property of €y and the strong Markov
property. Therefore, in terms of A;, equation (4.49) is equivalent to

B, [A,,] = (9) E, [ A, ] (4.53)

S0
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It is not difficult to verify the equation above. Note that the Laplace transform of

the hitting time 7y is given in Proposition 2.4.1. Hence, we have

ot
PI‘SO (TU < 8,\) = Eso [eiATU} = (S—U0> g s

— 9_
Pr,, (v < ey) =E;, [eV7] = <3_U1>0A _ (g) "

S0

Because 6 + 6, = —i—’; = —Kjq, it is obvious that

U\™
PI‘SO (TU<€)\): (8_) PI‘Sl (TU<€)\).
0

The coefficient x; is independent of the parameter A. Because the class of combi-
nations of exponential distributions is weakly dense in the set of all distributions
defined on the positive real line, the equation above still holds when ¢ is replaced

by a positive time ¢. Hence,

U\"™
Pry, (17 <) = (—) Pry, (y <t), t>0. (4.54)

So
Taking derivatives on both sides of (4.54) with respect to ¢, one can see that the
density functions of 7y given Sy = sy and s; satisfy the same equation

Fo(t:50) = (9) fuo(tisn), €20
So

Thus, (4.53), and equivalently (4.49) are readily obtained. Again, we can change €,
back to fixed T in (4.49) and this yields equation (4.32). The general case where
01 # 0 is simply a trivial extension by considering S, = Se ot 7(s)=m (se‘slT) ,

an upper barrier U; = U and a lower barrier L, = Le(®—0)t, O

Our results can be used to recover the well-known expressions of some impor-

tant densities and probabilities.
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Corollary 4.4.6. Define density functions f(x;t), fT(x;t) and f~(x;t) by

f(z;t)de = Pry, (S; € da, 7y AT > ©),
[T (z;t)dz = Pry (Sy € do, Ty < 71 A ),

f(z;t)de = Pry (S; € do, 7, < Ty A t),

for some t > 0 where Pry,(-) denotes some probability given Sy = so. Then we have

flait)y =" lan(z,t) = bo(w,1)] L <z <U, (4.55)
( i [an_l(x,t) — b,(n,l)(a:,t)} x> U

frast) = ¢! (4.56)
; by (x, 1) — a_p (2, )] 0<z<U,
( i [b_(n_l)(x,t) — an(x,t)} x> Ly

S
Il
—

f(xit) = (4.57)

NgE

[a_ (1) (2, 1) = by(z,1)] O<z <L,

,

3
Il

—_

where

_ [ s0B" LN | Inz —In so3%" — put
i) = () e ()

bo(.t) (306”)%_'{2 1 p (lnx —In(L?/s03%") — ,ut) |

L zo/t oVt

with ¢(+) being the standard normal density function.

Proof of Corollary 4.4.6. Note that we already obtained the formulas for BT, (so),
given by (4.36) to (4.39) in the proof of Theorem 4.4.4. Now simply let the payoff

function 7(s) = 1(s € dx) and apply Proposition 4.4.1. Note that the density func-

tion of S; given Sy = sg is Pry, (S; € dx) = Ml\/zgzﬁ <1”_;f/s£°_“t) dz. O

Remark 4.4.4. Using some fundamental results in Anderson (1960) as ingredients,

Kunitomo and Ikeda (1992) derived formula (4.55). Following the same procedure,



95

Kolkiewicz (2002) also obtained formulas (4.56) and (4.57).

Remark 4.4.5. One should expect that the sum f(z;t) + f(z;t) + f~(x,t) is

equal to the density function of S;. Using the formulas (4.55) to (4.57), it is not

difficult to show that f(z;t)+ fT(x;t)+ [~ (2, t) = ap(x,t) = ml\/igb (1”_::/8{0_”) =

Pry (S; € dz)/dx.

Corollary 4.4.7. For somet > 0,
i ) 00 s n—1\ Yn—1 B s 2n—1
Pry, (TU <7 N\ t) = Z |: ( OBL ) 5(71 1)/@2Gt <ln OﬁL L 51>

n=1
L n—1\ Yn—1+K2 1 2n—1
— ( b ) G, (ln b L — (51> } ,  (4.58)

S0 S0

and

Pr,, (71 <7~'U/\t):Z[

n=1

U/Bn—l Tn—1 1)y So
< 5 > g Gt(lnm,u—%

80/877,—1 Yn—1—K1 U

Gyz,y) = ® (w;/@_t/t) te AD (xg_\/:ﬁt’t) (4.60)

with ®(+) being the standard normal distribution function.

where

Proof of Corollary 4.4.7. We can show (4.58) and (4.59) by integrating with re-
spect to z the density functions f*(x;t) and f~(z;t) given by (4.56) and (4.57)

respectively. For example,
PI‘SO (7~'U<7~'L/\t):/ PI‘SO (StEdl’,%U<7~'L/\t):/ er(.’L';t)diC,
0 0

The order of integration and summation can be interchanged in fooo fH(z; t)dz since
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each a,(z,t) and b,(x,t) are non-negative, and thus the integrations can be per-
formed termwise. Then we have to perform some elementary but cumbersome cal-
culations to get (4.58) and (4.59). A more direct method is to use identities (4.23)
and (4.24) and simply choose m(s) = 1 in equations (4.37), (4.38) and (4.40). In

particular, it is not difficult to show when 7(s) = 1,
B (so) = Prs, (7u < T) =Gr (ln S—U(,), pw— (51) :

Then the remaining work is to rearrange equations (4.37) and (4.38). O

Remark 4.4.6. The two density functions

0

0
Pry, (7o € dt, 7, < 7y) = EPFSO (T, < Tu A t),

are the key ingredients to value immediate rebate options restricted by two expo-

nential barriers, which will be deferred for discussion until Section 5.3.

The study of exponential boundaries can be extended to deal with more gen-
eral curved boundaries as we may be able to approximate a smooth nonlinear func-
tion using a set of piecewise exponential functions. This problem was briefly men-
tioned in Kunitomo and Ikeda (1992) for a double-barrier option with n-period
piecewise exponential time-varying boundaries, but no explicit solution was given.
We shall delay the detailed consideration of this option until Section 6.6, where
a closed-form formula will be derived as an application of our pricing method for

jump-diffusion models.
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4.4.3 Convergence of the pricing formula and numerical examples

We will explain rigorously that the pricing formula (4.34) as doubly infinite
sums is convergent under certain mild condition and we will also present some nu-
merical results for different choices of parameter values.

Suppose the payoff function 7(s) is bounded by a constant C' over the fi-
nite interval (Ly,Ur). This admits a fairly wide range of payoff types. We only
demonstrate the convergence of the first doubly infinite series in (4.34) and leave
it to readers to show the convergence of the second series in an analogous manner.
Without loss of generality, we assume sy = 1 and C' = 1. The first infinite series in
(4.34) is

> (5 e ). (1.61)

n=—oo

The convergence follows from the rapid decay of normal distribution. Note that

V*(S) = Es [W(ST)IL(LT < ST < UT)]

< PI‘S (LT < ST < UT)

e <ln(s/:\T/)T—|— ,uT> e (m@/ga)g MT) |

where ®(+) is the distribution function of standard normal random variable. Hence,

one can observe that V*(s) — 0 when s — 0 or co. In fact, V*(s) decreases to
zero at a much higher speed. We use the L’Hopital’s rule to obtain the following
1

asymptotic property: For § < 5= and n € R,

sEMa)FTn 7+ (5) 5 0 (4.62)

. . 2n
as s — 0 or co. For notional convenience, we define 3, = 3*" = % Then the

summand in (4.61) can be rewritten as

" n(kz—r1—4{1n B) Lm—2n n N i
(W> '<an) BT V2 (B) (4.63)
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with ¢ and 7 being some undetermined parameters. In particular, we choose £ such

that ko — k1 —4€In 3 = 0. Then £ = Tng and (4.63) reduces to

LHI_2” " n *
(URQ—QT]) ’ ﬁ”(gl Bt ’ Vﬂ' (ﬁn)

We also choose 1 such that L% 1. Note that 8, — 0 as n — oo. According

Un2—217
to (4.62), for every finite €, there exists a positive integer N depending on & and 7,
such that £, ¢+ . V(8 ) < € when n > N. For a given €, we have

e Llil—27’] n N .
Z (UKQZW) . ﬂn(fl e V7r (Bn)

n=0

Ln172n

N n | Ln172n n
< Z <Uli2—277) . 671(& B V;(ﬁn) Te Z <UN2—277) =
n=0

n>N

K1—27 . .
because % < 1. This means that for a pre-specified number €, we can truncate

the infinite sum with a finite sum of N + 1 terms, and the approximating result has

an error of order e. To show the convergence of

— LF»1*277 " n *
Z (Uﬁ2—2’7> ' ﬁn(gl P Va (5TL)7

n=-—1
we simply choose 1 such that 52;—:22 > 1 and notice that 8, — co as n — —oo.
Finally, we verify that the choice of ¢ satisfies the condition £ < %+T In fact,

_ ka—k 1 : 5T 52T b : :
§= T 5 < 5go7 18 equivalent to Ue®** > Le®" | which is our primary assumption.

Now let us show some numerical examples. We revisit several parameter val-
ues considered in Kunitomo and Tkeda (1992); it shows that our results are the same
as theirs except for some negligible errors in a few entries.

We compute the prices of double knock-out (at-the-money) call options and

put options for various choices of barrier levels, curvature rates and volatilities. To

rT

obtain the arbitrage-free price at time 0, we multiply the discount factor e™* and

let the drift parameter yp = r — %02

in our calculation. The parameter values used
in the calculations are: sy = 1000, K = 1000, = 0.05 and T" = 0.5. In particular,

we let (41, d2) be (0.1,—-0.1), (0,0) or (—0.1,0.1). (41,02) = (0.1, —0.1) corresponds
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to the case of two diverging barriers. When (41, 0) = (0,0), it reduces to the case

where the two barriers are flat (see formula (4.47)), and when (d1,05) = (—0.1,0.1),

the barriers are converging to each other. The most extreme case is also taken into

account where the two barriers can never be reached, and in this case the barrier

option simply reduces to vanilla call or put option; hence, the prices are identical

regardless of the values of §; and d5. The results are provided in Table 4.1 and 4.2.

Table 4.1: Double knock-out call with exponential boundaries

91 /62 L/U oc=0.2 oc=0.3 oc=04
0.1/-0.1 0/oc 63.89 96.35 123.85
400/1600 68.64 85.88 81.60
500/1500 67.78 76.57 64.85
600/1400 64.63 61.48 45.23
700/1300 55.20 40.54 25.08
0/0 0/00 68.89 96.35 123.85
400/1600 68.14 80.06 71.05
500/1500 66.13 67.88 53.35
600/1400 60.06 50.23 34.22
700/1300 45.65 28.90 16.49
-0.1/0.1 0/oc0 68.89 96.35 123.85
400/1600 66.93 72.22 59.59
500/1500 62.75 57.30 41.70
600/1400 52.50 38.10 24.05
700/1300 33.45 18.22 9.45

Our observations agree with those found in Kunitomo and Ikeda (1992) and

Buchen and Konstandatos (2009). The doubly infinite series in (4.34) will converge

as long as a small number of terms are involved. In many cases, it is sufficient to
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Table 4.2: Double knock-out put with exponential boundaries

01/92 L/U o=0.2 oc=03 o=0.4

0.1/-0.1 0/00 44.20 71.66 99.16
400/1600 44.20 71.66 98.66

500/1500 44.20 71.42 93.78

600/1400 44.18 68.10 75.73

700/1300 43.13 52.82 42.72

0/0 0/00 44.20 71.66 99.16
400/1600 44.20 71.65 98.30

500/1500 44.20 71.15 91.13

600/1400 44.12 65.58 68.32

700/1300 41.62 45.12 32.69

20.1/0.1 0/00 44.20 71.66 99.16
400/1600 44.20 71.64 97.71

500/1500 44.20 70.63 87.49

600/1400 43.94 61.78 59.61

700/1300 38.64 35.98 22.87

truncate the infinite sum only up to n = 42 terms. The option values tend to
decline as the two barriers approach towards each other, since there is a greater

chance for the barriers to be breached and thus for the options to expire worthless.

4.5 Appendix

4.5.1 Proof of Remark 4.2.1

Proof. We want to show that when A, is continuous in [0, 00), the following equation

implies that A; is a zero function:

/‘éﬁ&&za A > 0. (4.64)
0
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Make change of variables s = e~* and A, = A, then (4.64) leads to
1 ~
/ 1A ds =0, X>0. (4.65)
0

Note that AS is also continuous in [0,1]. By Weierstrass approximation theorem,

for every positve €, there exists a polynomial P¢ such that |[A, — P¢| < e. From

equation (4.65), we also have

It then follows that

1 1 ! !
/ Rds = / Azds — / Pihds = / As(As = P)ds,
0 0 0 0

and as a result,
1 IR 1
/ R2ds g/ AR, — Prlds < e/ 1A, |ds.
0 0 0

Because A, is continuous in [0, 1], it is bounded, and we can let € tend to zero and
obtain fol A%ds = 0. Hence, A, = 0 for all 0 < s < 1, and as a consequence, A; = 0

for all ¢ > 0. ]

4.5.2 An alternative proof of Lemma 4.4.3

Proof. Recall that we need to show for n > 2 that

U\™ U?
Bi(so)=|—] B~ — 4.
n(50) (So) ~(n—1) (So) , S0 < U, (4.66)
L™ I
Bin(So) = <3_> ler_l (3_) R So > L. (467)
0 0

We only present a sketch of the proof of (4.66) based on the reflection principle
(Propostion 2.2.1) and the Esscher transform factorization (Section 2.5). It is ac-
tually sufficient to consider the case where d; = 0, that is, the upper barrier is flat

and k) = 3—‘2‘ According to the discussion in Example 2.5.1, under the transformed
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measure with index —%, the drift term of {X;} becomes p — 5o = 0. For n > 2,

B,, implies {7y < T'}. Then
Bji(s0) = Es, [7(S7)1s,] = By, [m(S7)1(1y < T)1g,].
The Esscher transform factorization formula (2.7) yields

B7(so) = E4, [e_%XTe%XTW(ST)IL(TU < T)]]_Bn]

_E [e—%XT] E,, [G%XTW(ST)IL(TU < T)lg,; —%] . (468)

where by Definition 4.4.1, B,, can be viewed as the event that there exist n — 1 time
points 7y < t; < --- < t,—; < T such that S;, = L;, when k is odd and S;, = U
when k is even. Note that the process {X;;0 < ¢ < T} in the second expectation of
(4.68) has no drift, and hence, {X;;0 < ¢ < T} and {—X;;0 <t < T} have the same
distribution. We first reflect the process at 7y and then change {X;;0 < ¢ < T'}
to {—X;0 <t < T}, It follows from the reflection principle that the second

expectation on the right-hand side of (4.68) can be rewritten as

E,: [Q%Qb-‘y—XT)ﬂ-(ST)I]_(TU <T)ls i,

2
50
where b = In % Actually the indicator 1(7y < T') can be removed. The reason is

that if the initial asset price is U and the event B_(n—1) occurs for n > 2, the asset

S0

price process must breach the upper barrier before time 7. Reversing the Esscher

transform factorization, we obtain

By (s0) = € [ By [ n(Sp)Ls i %

)y T2
S50

= (5) P o)

U\"™ U?
_(Z) p v
(30) b < S0 ) 7

which yields (4.66). Then we switch the two barriers, from which (4.67) follows. [
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4.5.3 An alternative proof of Corollary 4.4.5 and related remarks

Proof. Recall that Corollary 4.4.5 claims

o0

Vao = > B |Vx (s08°") — L HV o (4.69)
dko — T \°0 805271 0 80/3271 ) :

where 8 = £ k = 2 and V,(s) = E, [7(Sr)L(L < Sr < U)]. This is a special case
of Theorem 4.4.4 where the barriers are flat. Now let us present a self-contained
proof that does not depend on Theorem 4.4.4. We still use the exponential stopping
of Brownian motions, but the path counting is no longer required. Define by 71,
the first time the asset price process exits the interval [L, U], that is, 7y, = inf{t >

0|S; < Lor S; > U}. Again, we let L < so < U. Then Vg, can be expressed as
Vako = Eg, [7(S7)L(1p,L > T)].

Let us first consider the exponential stopping of the asset price process and evaluate

the knock-in option value

Eg [m(Sey) 1o < el

where ¢, is an independent exponential random variable with mean 1/\. If we
define V,(s) = E,[r(S.,)], then using the memoryless property of €y, the strong

Markov property and the law of iterated expectations, we can show
Eg [1(Sc,)1(1r,2 < €x)] = Eq G_ATU,LVW(STU,L) .

Note that S

v, = U when 7y < 77, and STU’ , = L when 7, < 7y. Therefore,

= E,, [e AU (1 < TL)} VW(U) + Es, [6 ALY (1, < TU)] Vw(L)
()" = ()" gy B =)

— . —V.(U) + - —V.(L). (4.70)
(3" - ()" (0" - ()"
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The last step follows immediately from equations (5.14) and (5.15) in Theorem 5.3.2
where we let 7' — oo and r = A. Because {7y > T} implies {L < Sy < U}, we

can express Vi, in an alternative form given by
‘/dko = Eso [W(ST)IL(L < ST < U, TU,L > T)] .

Hence, if we define Vj(so) = E,, [7(S-,)1(L < S., < U)], the put-call parity and

the formula (4.70) lead to the following equation.

Eg [7(S,)L(Tu,L > €2)]

S ) e 6 M S ) Kt O
= Va(s0) - = VelU) = Ve (L), (4.71)
()%~ ()" B - ()"

Now we rewrite the ratios right in front of V,(U) and V,(L) in terms of infinite

series. For example, taking geometric expansion of the first ratio, we have

ot + - a+
L) oy e
(2) =)

L n

R R

With some arrangements, the second term on the right-hand side of (4.71) can be
rewritten as the difference of the two infinite sums

> (U (@) v )

n=0

and

> soU™ o5 —0% So oy 2
3 ( Ln+1> (U) Vo (U). (4.73)
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or equivalently,

Vo (U) = (2)9* Va(s1), s1>U. (4.74)

S1

Then we apply (4.74) to substitute V,(U) into equations (4.72) and (4.73). We

U2n+2
SOLQn .

specifically choose s; = It is easy to verify that s; > U since L < sy < U,

and hence (4.72) becomes

* ntl koA [/2n+2

> (o) 7 ()

n=0 SOL” SOL "

where k = — (0} + 0,) = 24. Likewise, we choose s; = % and (4.73) becomes
> Unrti\ " 2 [J2n+2
> () ()
it [ 2n+2

n=0

To evaluate the third term on the right-hand side of (4.71), we simply switch U and

L. As a consequence,

Eo [m(S:,)1(L < S., < U, 1L > €))]
R 22
() 7+ (5)
(Y ()
() (57)
soU?m
(B ()

Since « does not depend on A, the exponential random variable €, in the equation

~
~

above can be replaced by a fixed positive time 7', and correspondingly, V,(s) be-

comes V,(s). The pricing formula (4.69) follows after some rearrangements. O

Remark 4.5.1. In fact, the proof presented above gives rise to a Laplace transform

approach to valuing the double barrier options with flat boundaries. Note that
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because ¢, is independent of {S;},

Eso [T‘-(SEA)I]-(TU7L < 5)\)] = /OOO Eso [W(St)ﬂ-(TU,L < t)] /\e_Atdt.

Hence, the expression given by the right-hand side of (4.70) divided by A yields
a closed-form solution of the Laplace transform with respect to the maturity time

as long as we can explicitly calculate Vﬂ(s) = E;[7(S.,)]. In particular, we only

need to identify the distribution of S, or X, =In S;g . Let fx_ (z) be the density
function of X.,, then
fO;\L:v >0
610 e x
fx., (x) = ——~ (4.75)
g Oy —Ox

e <0

which is an two-sided exponential distribution. It follows that we are able to com-
pute the Laplace transform and invert it numerically for any given payoff and fixed
maturity time. One way to derive the density above is through the inversion of a
bilateral Laplace transform. Specifically, the bilateral Laplace transform of X., is
determined as follows.

/OO e fx., (x)dx

o

—F |:€sz€/\} ) [e(—uz-i-%a?ﬂ)e,\]
B A B A
A tpz— 0222 L1022+ 607) (2 +6y)
+0- +o-
— ixex _ 9)\6>\+< 1 - 1 )’ (4.76)
(z+00)(z+0y) 0, -0y \z4+607 =z+0,

where —07 < 2z < —6; and 6] > 0 and 6, < 0 are the roots of the quadratic
equation %0292 + 10 — XA = 0. Hence, the distribution given by (4.75) can be derived
by inverting (4.76).

Remark 4.5.2. See also Gerber, Shiu and Yang (2012) which recovered the expres-

sion of fx. (7) through a discounted density approach.
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Remark 4.5.3. Geman and Yor (1996) also derived a closed-form formula for a

double knock-out call option with flat barriers.
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CHAPTER 5

APPLICATIONS TO PRICING EXOTIC VARIATIONS
OF BARRIER OPTIONS

5.1 Introduction

The objective of this chapter is to evaluate some popular variations of the
standard barrier options treated in Chapter 4, including sequential barrier options,
immediate rebate options, multi-asset barrier options and window barrier options.
These variations are created as complements to traditional barrier options, by mod-
ifying the original asset model or barrier structure for the purpose to more closely
accommodate to the investors’ hedging or speculating needs. We shall show that
we can manage to reduce the problem of each variation to the one already studied
in Chapter 4, and our valuation approach can be easily applied to derive the prices
of these variations. We still assume an arbitrary payoff function and allow the bar-
riers to change exponentially in time. The pricing formulas for sequential barrier
options and immediate rebate options already exist and will be reproduced using
our new method, while we will pay closer attention to multi-asset barrier options
and window barrier options, and derive several pricing formulas that are not yet
available in the literature as far as we know.

The remainder of this chapter is organized as follows: Section 5.2 treats seque-
tial barrier options, Section 5.3 treats immediate rebate options, Section 5.4 treats

multi-asset barrier options and Section 5.5 treats window barrier options.
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5.2 Sequential barrier options

The analysis of our approach in Chapter 4 can be structured and readily
applied to pricing sequential barrier options, where the barrier event is determined
by a pre-specified sequential order of the breaching times 7y, 7, and the maturity
time 7. Recall that 7y and 7, denote the first times the asset price process hits
the boundaries U; = Ue®* and L, = Le%! respectively. Similar problem was solved
by Sidenius (1998) and Li (1998) which derived the joint density functions given in
Corollary 4.4.6. Kolkiewicz (2002) developed a systematic procedure for sequential
barrier options by considering the density functions of related exit times. We follow
a different path however, and use Proposition 4.4.1 and Lemma 4.4.3 to investigate
some examples of sequential barrier options. To avoid complicated equations, we
only study the path counting of each barrier provision.

(1) Upper-barrier knock-in options: This type of options comes into being if
the upper barrier is breached before the lower one prior to maturity. The associated

indicator function is given by

L7y <7 AT) =Y lp, , — > g, (5.1)
n=1 n=1

(2) Lower-barrier knock-in options: This type of options comes into being if
the lower barrier is breached before the upper one prior to maturity. The associated

indicator function is given by

]l(%L <7~'U/\T) :ZHB—(%—I) _Zlen' (52)
n=1 n=1

(3) Upper-then-lower knock-in options: This type of options comes into being
when the upper barrier is breached first and then the lower barrier is breached prior

to maturity. The associated indicator function is given by

iy <7, <T) = lg,, — Y g, (5.3)
n=1 n=2
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To obtain the identity above, observe the following identity
ﬂB,l:ﬂ(%U<7~—L<T)+]1(7~—L<7~—U/\T); (54)

and then apply (5.2). The identity (5.4) can be understood in this way: the event
B_4 is equivalent to 7, < T and can be partitioned into two disjoint events depending
on which barrier is breached first, which are given correspondingly on the right-hand
side of (5.4).

(4) Lower-then-upper knock-in options: This type of options comes into being
when the lower barrier is breached first and then the upper barrier is breached prior

to maturity. The associated indicator function is given by

L7 <7y <T)= lp,, — > gy, (5.5)
n=1 n=2

(5) Double-hit knock-in options: This type of option comes into being if both
barriers are breached prior to maturity. It is the sum of upper-then-lower knock-in
option and lower-then-upper knock-in option. The associated indicator function is
given by

1(7, < T, 7y <T)= Y lp,— > I+l +1s, -1  (56)

n=—o0 n=—o0
To further find the values of these variations, one can directly use formulas (4.36)
to (4.41) (the calculations are elemantary but quite lengthy).

It is worth mentioning that the sequential barrier options are discussed here in
a broad sense: we treate any barrier option that is knocked in or out depending on
the sequential order of the hitting times as a type of sequential barrier options (the
double knock-out options analyzed in the last chapter can obviously be visualized as
a type of sequential barrier options). In fact, the definition of sequential barrier op-

tions, as in Pfeffer (2001) and Section 7.11 of Buchen (2012) for example, is slightly
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different, and essentially refers to eight types of options: ui/di (up-and-in/down-
and-in), ui/do (up-and-in/down-and-out), di/ui, di/uo, uo/di, uo/do, do/ui and
do/uo options. In our context, we call these options the standard sequential bar-
rier options. With an ui/di option, if the asset price process breaches the upper
boundary U; at the hitting time 7 before the maturity time 7', the holder is im-
mediately given a down-and-in option with the remaining lifetime T — 7, and the
lower boundary L;. By analogy, one can easily understand the concepts of the other
seven types of sequential barrier options. Fortunately, we are still able to utilize the
technique of path counting to evaluate these options. For instance, the indicators

associated with ui/di and uo/di options can respectively be expressed as
1(%U\L<T) and 1(%L<T<%U)a (57)

where we define 7, = inf{t > 0|t > 7, Sy = L,} as the first time the asset price
process breaches the lower boundary after first breaching the upper boundary earlier.
Readers should notice the difference between the ui/di options and the upper-then-
lower knock-in options described by (5.3). Comparing their corresponding barrier
provisions, we see that the ui/di options do not put any restrictions on the asset
price process prior to first breaching the upper boundary, while the upper-then-lower
knock-in options require the lower boundary never be breached first. According to
Definition 4.4.1 and the identity (4.25) in Proposition 4.4.1, we obtain the following

identities for the indicators in (5.7),

1(fy < T) = 1g,, (5.8)
Note that the pricing formula for an ui/di option only has one term, and an uo/di

option can simply be written as the difference between an up-and-out single-barrier

option and a double-barrier knock-out option.
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Table 5.1 below summarizes the eight types of standard sequential barrier
options mentioned earlier in terms of the indicators associated with their barrier
provisions. Similar to 7y, we also define 7y = inf{t > 0|t > 71, S; = U;} as the
first time the asset price process breaches the upper boundary after breaching the

lower boundary earlier.

Table 5.1: Standard sequential barrier options

Sequential order Indicator

ui/di 1(7yL <T)

ui/do 1(7u <T,7u,>T)
di/ui 1 (7o <T)

di/uo 1(7, < T, 70 >T)
uo/di 1(7, <T < 7y)
uo/do 1(7u A7, >T)
do/ui 1(7y <T < 71)
do/uo 1(7y A7, >T)

Several immediate results can be obtained from Table 5.1. First, we observe

the following parity relations

Viisdi + Vaizdo = Veuis  Vaijui + Vatijuo = Vedis (5.10)

%o/di + V;lo/do = ‘/eum ‘/do/ui + ‘/do/uo = ‘/edm (511)

where Vi, Vedi, Veuo and Veqo denote the forward prices of those barrier options with
single exponential boundary (either an upper boundary U, or a lower boundary L;).
Second, uo/do and do/uo options are identical to double-barrier knock-out options.

Therefore, it is only necessary to evaluate two of the eight types of sequential barrier
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options, which are ui/di and uo/di options. In fact, di/ui and do/ui options can be
produced respectively from ui/di and uo/di options by switching the two barriers.
Now let us multiply the payoff 7(S7) and take expectation on both sides of (5.8) to

derive the time-0 forward price of ui/di options. Specifically,
Viiai = E[m(Sr)1s,] = B3 (so0),

where BJ(so) is given by (4.30). To calculate BJ(so), we use Lemma 4.4.3 and
equation (4.41). Note that B™,(sp) is in fact the price of single-barrier down-and-in

options, then

- (5)" 5 ()
e () () ()]

The formula for Vi, can be obtained from the equation above by switching the

two barriers. In particular, we have the following results.

Proposition 5.2.1. The time-0 forward prices of wi/di and di/ui sequential barrier
options with the upper boundary U, = Ue®t and the lower boundary L, = Le®' are

respectively given by

o (5 [ () (32" (3.0
e (0 [ (B )+ (3" (400

where ry = 22 gy = 2522 qpd VE(s, ) = B [7(Sr)1(Sr 2 ).

Remark 5.2.1. To value ui/do and di/uo options using Proposition 5.2.1, we sim-
ply apply the parity relations (5.10). In addition, uo/di and do/ui options can be
valued by noting that they can be viewed as the difference between single-barrier

knock-out options and double-barrier knock-out options, which is also implied by
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the parity relations (5.11) (uo/do and do/uo options are equal to double-barrier

knock-out options).

Remark 5.2.2. Analogous discussions about standard sequential barrier options
can be found in Pfeffer (2001) and Section 7.11 of Buchen (2012). The former used
density integrations, while the latter proposed the method of images approach for a
general payoff function. However, both of them only considered flat barriers, which

is a special case of what we analyze here.

5.3 Immediate rebate options

In some cases of knock-out options, the specification of rebate is allowed and
the option holder receives a fixed rebate payment as compensation at the moment
the barrier is breached prior to maturity. We study the price of one dollar paid at
the moment of breaching given it occurs before maturity. The traditional method
requires to identify the distributions of one-sided and two-sided exit times (see, for
example, Jeanblanc, Yor and Chesney (2009) and Karatzas and Shreve (1998)).
For the case where the barriers are flat, we use a martingale method introduced in
Gerber and Shiu (1994b, 1996) to show that immediate rebate options can reduce to
standard barrier options with certain adjusted payoff functions. For the case where
the barriers are exponential functions of time, we carry out the valuation approach
discussed in Chapter 4 to derive the density functions of corresponding exit times.

Now let us first consider the case where the barriers are flat. The following

theorem deals with single flat barrier.
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Theorem 5.3.1. The time-0 price of one dollar paid at the moment of breaching

the barrier B before time T is either given by

Ee [ ™1 (rp < T)] = e "By, [(ST /B 1(rp < T)] , (5.12)
or

By, [ 1(rp < T)] = e "By, [(ST/B)97 1(rg < T)] , (5.13)

where 0,7 > 0 and 0 < 0 are the two roots of equation %282 +pb —r =0. Formula

(5.12) and formula (5.13) are identical.

The right-hand sides of (5.12) and (5.13) represent the time-0 prices of knock-

+ —
in options with payoff functions w(s) = (%)er and 7(s) = (%)er respectively.

Whether to choose 6 or 6., it is not difficult to verify that these two expectations
can always be rewritten as

_ ot o -
eTE,, ((%) + (%) ) 1(Sr > B)| sy<B

ST o;F ST 0,
efrTESO (E) + (§> ]l(ST < B) so > B

Therefore, the right-hand sides of (5.12) and (5.13) indeed yield an identical pricing

formula.

The following theorem deals with two flat barriers.

Theorem 5.3.2. The time-0 prices of one dollar paid at the moment of first breach-
ing the upper barrier U, and first breaching the lower barrier L before time T are

respectively given by

L (5.14)
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and

—rT, o Or
Eso [6 L]l(TL<TU/\T)} = UL 0T LU€; , (515)
()" = (@)
where 07 and 0 are the two roots of the equation %292 +pb —r =0 and

+
P* =eTE,, [S%‘ L(ty A7 > T)]

denote the time-0 prices of double knock-out options with w(s) = s

Remark 5.3.1. The equations in Theorem 5.3.2 reduce to the ones in Theorem
5.3.1 when the upper barrier U tends to oo or the lower barrier L tends to 0. For

example, we let L — 0 on both sides of equation (5.14). Then we have 7, — oo and
}ﬁ%aﬁmdﬁﬁm>TﬂaM}f%a”&Jﬁﬂm>ﬂ]
Because 07 — 0 > 0 and P~ < oo, equation (5.14) reduces to
+
Sr\”
(FT) 1(ry > T)

Note that {e="(S;)” } is a martingale, then the equation above becomes

(%) " Iy >T)

S0 Q?T
E%k”mﬂnwdﬂ}:<ﬁ) — TR,

—+
Sr\”
md&wmm<Tﬂ:5”&0(l)

i _ e—rTEs0

S\ %
:gﬁao(ﬁj 1(ry < T)

)

which yields equation (5.12).

Remark 5.3.2. Theorem 5.3.2 deals with a general situation where the options
have unequal rebate payments, depending on whether the upper or lower barrier is
breached first. This situation should be considered as the financial positions that

cause the options to be nullified in the two cases above may be quite different.



7

Equations (5.14) and (5.15) show that the prices are written explicitly in terms of

o

P*, which can be calculated by formula (4.47) with the payoff functions 7(s) = s
If we let T tend to oo, then P* become zero, and equations (5.14) and (5.15) reduce
to equations (4.1.8) and (4.1.9) respectively in Gerber and Shiu (1994b). See the

proof in Section 4.5.3 for an application of this special case.

Theorem 5.3.2 is more difficult to prove than Theorem 5.3.1, so we only prove

Theorem 5.3.2 using a martingale approach introduced in Gerber and Shiu (1994b).

Proof of Theorem 5.3.2. First note that
{e7(S)"} and {e""(5)")

are two martingales. Define 777, = 7y A7y, the minimum of 7y and 77,. Applying the
optional stopping theorem to the first martingale above for the bounded stopping

time 7, AT, we have
ESO [e_T(TU’LAT)(STU,LAT)Hr] — ng
Rearranging the equation above yields

UajESO e (ry <7, AT)] + Le:rEs0 [e 7™ 1, < 7w AT))

4B, [e—rT(sT)"r* Ly ATy > T)} e
By the definition of PT,
U By [ (g < 7, AT)] + L% By, [e "™ 1(r, < 70 AT)] = & - pr

Likewise, we can apply the optional stopping theorem to the second martingale

above and obtain a second equation

U By, e (o < 7o AT)] + LU By [e 7 1(rp < 70 AT)] = s — P
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With this pair of equations, we can compute the two expectations by calculating

-1
+ + +
UOT LQT Sgr _ P+

Ut Lo sy — P~

The proof is thus complete. O]

Remark 5.3.3. A derivation of Eg, [e”"81 (75 < T')] can also be found, for ex-
ample, in Poulsen (2006) which also applied the optional stopping theorem to the

martingales {e"(3,)% }.

Now let us consider the case where the barriers are exponential functions
of time. As discussed earlier in Chapter 4, extending single flat barrier to single
exponential barrier is merely a matter of changing the drift term of the asset price
process. Hence, we only pay attention to immediate rebate options with respect
to two exponential barriers. In particular, we need to calculate the following two

expectations
E, [e7"1(7y <7, AT)] and E, [e71(7 <7y AT)],

where we have defined 7y and 7, as the first times the asset price process hits the
upper barrier U; = Ue®'* and the lower barrier L, = Le* respectively.
Some related density functions of 7y and 7, will be identified, primarily based

on the formulas given in Corollary 4.4.7. First, we observe
i T
ESO [eirTUﬂ(%U <7, N\ T)] = / €7TtPI‘SO (%U < dt,%U < 7~_L) , (516)
0
i T
Eso [e_TTL]l(%L < Ty AN T)} = / e_rtPI'SO (7~_L < dt,7~'L < %U) . (517)
0

The integrals on the right-hand sides of (5.16) and (5.17) can be calculated if we
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find the two probabilities
PI‘S0 (%U < 7~—L A\ t) and PI‘SO (7~—L < 7~'U A\ t)

and take derivatives with respect to t. Let us take the calculation of (5.16) as an

example. According to Corollary 4.4.7,

e n—1\ Tn—-1 2n—1
Pro, (fr <FL A1) =) { (SOB ) G, <1n W - 61)
n=1

L L
L1 TYn—11kK2 1,321
- ( b ) Gy (ln b = 51> } ,  (5.18)

S0 S0

where

It is easy to show that when taking derivative of the right-hand side of (5.18), the
order of summation and differentiation can be interchanged. Then the problem

reduces to the calculation of the integral

T
/ ot 0GH T, Y) oy
0 ot

where one can easily verify

0Gy(v,y) @ 5 (x ~|—yt>
ot o3 oVt
with ¢(-) being the standard normal density. One can notice that % resembles

the density function of inverse Gaussian distribution. Assuming z < 0, we have

T 0G(z,y) v—y /T x (x + Vt)
—rt t\% T
e t—————=dt = e 2 — dt
/0 ot o ovi’ o

T
:er/azyx/ 8Gt($,l/)dt
T o

— eua;?y“:[GT(x, v) — Go(z,v)]

v—y
=e? xGT(x7V)

v—y x+vT 20w x— VT
=e2" |0 +e 2P , 5.19
() ()] 6w
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where v = /y?+ 2ro?. Considering the equation (5.18), we need to let = =

5062%1 — . which is always negative given n > 1. Hence, (5.19) can

In or InZ
be applied, and combining (5.19) together with (5.16) and (5.18) leads to the fol-

lowing theorem.

Theorem 5.3.3. The time-0 prices of one dollar paid at the moment of first breach-
ing the upper barrier U, = Ue®t, and first breaching the lower barrier L, = Le’*

before time T are respectively given by

ES [ 7MrU]l(TU < Tr /\T):|

A N A i W 21 W Lg
CS [ () () - () ()],

and

E, [e*mﬂ(ﬁ <7y AT)]

- Z [(Lﬂn 1)% B A, (—m ijn) —~ (Sogn)%_m H, (—1n Soﬁ;"“)

where for k =1, 2,

Vg — 1+ O x + v, T Op — UV — 1 x — v, T
H = —x | P ——x | P
k() exp( p x) < T )+exp< p x T

with v, = +/(u—06)2+ 2ro? and ®(-) denoting the standard normal distribu-

Y

tion function. We have also defined 3 = %,% = n(ky — K1), K1 = @ and
Koy = 2(#(7252)'

Remark 5.3.4. The pricing of immediate rebate options restricted by two expo-
nential barriers was also investigated in Kolkiewicz (2002) through the definitions
of two random times

1 7~—U 7~'U<7~'L o 7-L 7~'L<7~'U
o0 7~'L>7~'U
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The distributions of these two random times were derived by a different method.

In fact, for some fixed ¢ > 0, it is not difficult to see

Pr,, (%JL € dt) = Pry, (fy € dt, 7y < 71),

Pr,, (75, € dt) = Pry, (7 € dt, 7 < 70).

Hence, the formulation in Kolkiewicz (2002) is essentially the same as ours.

Remark 5.3.5. Our approach can easily be generalized to the case where the rebate

payments also depend on hitting times 7y and 7. In particular, we can evaluate
E,, [ R:, 1(7u <7 AT)] and Ey [e ™Rz 17 < 7uv AT)],

where R; is some rebate payment function.

5.4 Multi-asset barrier options

The basic version of multi-asset barrier options was first studied by Heynen
and Kat (1994a) which referred to such type of options as “outside barrier options”
because the option features an “outside barrier” determined by an “outside asset”
which is different from and correlated with the asset governing the original payoff.
Similar discussions can also be found in Carr (1995) and Lee (2004) under the same
bivariate model assumption as in Heynen and Kat (1994a). Kwok, Wu and Yu
(1998) made an extension to multi-asset model by finding the Green function of a
related partial differential equation. The problem of two-sided outside barriers was
investigated in Wong and Kwok (2003) and they developed the splitting direction
technique to yield a systematic valuation procedure by deriving the related joint

density function.



82

The remainder of this section will develop a new unified formulation of multi-
asset barrier options that handles both one-sided and two-sided barriers. We still
assume an arbitrary payoff function and allow the barriers to vary exponentially in
time. Using the well-known Cholesky decomposition, we shall show that the price of
multi-asset barrier options can be easily derived from their one-asset counterparts
without much further effort. Some numerical examples will be provided at the end.
In addition, we shall extend our results to price a double knock-out option where

the barriers are stochastic and modeled by geometric Brownian motions.

5.4.1 Multi-asset model and the representation formulas

Consider m underlying assets with time-t price vector Sy = (S, -+, Spmet)-

The process of the i-th asset is modeled as
Si = Sioexp (X)), i=1,2,...,m, t>0,
where we assume
Xt = pit + 0 Zy

with {Z;} being a standard Brownian motion, 1 < ¢ < m. Denote by p;; the
correlation coefficient between dZ;; and dZj;, i # j. We let the payoff function be
h : (0,00)™ — (0,00) and without loss of generality, use the first individual asset
as the outside asset. The time-0 forward price of multi-asset barrier options can be

generally expressed as

Es [h(ST)ls(slt,ogth)} ; (5.20)

where Eg[-] means the expectation is calculated given Sy = s and we denote
B (51,0 <t <T) as some event regarding the sample path of {Sy;} over time in-
terval [0, T7.
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The major complication involved in the derivation of (5.20) comes from the
correlation between the outside asset {S51;} and the additional source of randomness
(Sor, -+, Smr) in the payoff. We use the Cholesky decomposition to isolate the
outside asset price variable from other random variables. Define the drift vector
p = (g1, ,pm) and the diffusion matrix ¥ = (3;;)mxm where ¥; = o7 and
Yij = pijoioj,i # j. It is a well-known result that X; = (Xy,--- ,th)/ has the

form

where P is lower triangular such that PP’ = 3 and W = (Wy,, - - ,Wmt)' is an
m-dimensional standard Brownian motion which means that {W;},1 <i <m, are
all standard Brownian motions and mutually independent. Let P = (p;;)mxm wWhere

pij = 0,7 < j. Then equation (5.21) yields m individual equations

S1e = Shoexp (pat + p1aWi) ,
Sit = Sip exp (/Mt + ZpijVVjt> , 1 =2,...,m.
=1

Therefore, we can rewrite S;;,2 < i <m as

Sit = (Slt)pill Sit, (5-22)

where

Sit = Sio exp <(,U - @M) t+ szj Jt> ) (5.23)

and {Szt} is independent of {Sy;}, 2 < i@ < m. Therefore, we can isolate the
outside asset Sy; from other source of uncertainty, and the expectation (5.20) can
be evaluated conditional on the joint distribution of <§2T, e ,SmT>/, which can
reduce the problem of pricing multi-asset barrier options to that of pricing barrier

options consisting of only one asset Sy;. In particular, we obtain the following result.
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N ~ /
Lemma 5.4.1. Let q(xq,- - ,x,,) be the joint density function of (SQT, e ,SmT)

defined by (5.23). Then the expectation (5.20) has the integral representation

/ T / E [ib (SlT; Loy axm) ﬂs(slt,ogth)] C](IL’2> T ,fl’m)dl’z codry, (5-24)
x;>0

where we define

A~

h(S;"L‘Q, e wrm) - h (3,8ﬁ2x2’ P 7Sﬁmxm)

and,ﬁi:pg—fi,izl...,m.

Proof of Lemma 5.4.1. 1t is only necessary to calculate the entries in the first col-

umn of matrix P. The classical algorithm for the Cholesky decomposition implies

— — — X1 — A Pil _ pi1o;
that p1; = VY11 = 01 and p;; = pﬁ = pi10i,t = 2,...,m. Hence, p; = o= B

Then the expression (5.24) follows immediately from the fact that {S;;0 <t < T}

~ ~ /
is independent of (SQT, e ,SmT) ) O

Formula (5.24) provides a systematic methodology for pricing multi-asset bar-
rier options. One can observe that the expectation in the integrand of (5.24), when
fixing the dummy variables (xq,--- ,x,,)’, is the price of standard barrier options
with one asset (the outside asset), which has been studied thoroughly in Chapter 4.
Some may find (5.24) quite complicated as it requires high dimensional integration
and every entry of P has to be determined. However, since the expectation in the
integrand of (5.24) can be written as the combination of the prices of plain vanilla
options, we will show that we do not need to know the formula for g(zo,- -, z,,),
and the explicit calculation of the (m — 1)-dimensional integral is not necessary,
either. Based on the expression given in Lemma 5.4.1, we can handle multi-asset

barrier options with a variety of barrier provisions.
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The following two theorems present closed-form solutions of the prices of multi-

asset barrier options with single flat barrier and double exponential barriers.

Theorem 5.4.2. Let the initial asset price vector be g = (s1,++ , $m) . The time-0
forward prices of up-and-in, up-and-out, down-and-in and down-and-out multi-asset

barrier options with a flat barrier B are respectively given by

B I3
Cui = C}T(So, B) + (S_) C]:(.go, B), S1 < B, (525)
1
. B\" .
Cuo = Ch (So,B) — (S_) Ch (So, B), S1 < B, (526)
1
. B\" ...
Cdi = Ch (80, B) -+ —) C]—:—(So, B), S1 > B, (527)
1
B\" .. .
Cdo = Oh (So,B) (S_> C}T(So, B), S1 > B, (528)
1

where Ci5(s, 1) = E4 [h(S7)1 (Si7 = x)] are the forward prices of some binary op-

‘ L2
tions, k = “& and
1

; N, — Pi1di 5
with p; = = 2,...,m.
Theorem 5.4.3. Let the initial asset price vector be g = (81, , Sy)" with L <
s1 < U. The time-0 forward price of double knock-out multi-asset barrier options
with the exponential boundaries U, = Ue®t and L, = Le®* is given by the doubly
infinite sum

& 51 8™ An .
e (2" e

n=—oo

() - () e (sgm)] e

_ L & _ . (& AN on o 2(m=61) o 2(m—d2)
where B = %, Ay = n(ky — k1), k1 = o) -y = 200) g

51 91

O (s) = B, [M(S7)1 (Lt < Sir < Up)] (5.30)
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denotes the forward price of a binary option and

/
S(()n) — (Slﬁzn 82627”32 L SmﬂZnﬁm> ,
) ( L (L . (L 2f’m>’
0 5132 ? 518" "\ s 87 7
wzthﬁl = M,i = 2,...,m.

o1

Theorems 5.4.2 and 5.4.3 can be regarded as extensions of Theorem 4.2.1 and
4.4.4, respectively. For the sake of brevity, we only provide the proof of (5.25) and
leave it to readers to derive the remaining results in an analogous manner. It is
worth noting that our approach, unlike identifying related joint density functions
as in Kwok, Wu and Yu (1998) and Wong and Kwok (2003), yields simpler and
more general formula by obviating the need for complicated integrations of density
functions. We write the prices of multi-asset barrier options as the combination
of C’,:—L’s or C}’s, the prices of binary options (all-or-nothing options), which can
be numerically computed. For a commonly used payoff function h, the expressions
of C’ff and Cj usually involve sequences of multivariate normal distribution func-
tions. As a check, we let m = 2 and the payoff function h (si,ss) = (53 — K)©
in our setup; then formula (5.25) reproduces the result derived in Carr (1995) and
our method is far less complicated. Similarly, one can also let the payoff function
h(s) = (max (sg,--- ,5m) — K)" and §; = 6, = 0 in Theorem 5.4.3 to reproduce

the pricing formula derived in Wong and Kwok (2003).

Remark 5.4.1. In the analysis of multi-asset barrier options, if the asset that con-
trols the barrier provision is functionally independent of the payoff, this asset is
called an external barrier variable; otherwise, this asset is called an internal bar-
rier variable. The articles we mentioned earlier at the beginning of this section

about pricing multi-asset barrier options all dealt with external barrier variables,
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while our formulation slightly admits an internal variable since the barrier variable
s also governs the payoff function h(s). Unfortunately, our approach presented
here fails for a more general internal variable, for example, that is determined by
a geometric basket of assets. The discussion of this case can be found in Skipper
(2007) and Section 10.9 of Buchen (2012), which assumed that the barrier vari-
able takes the form of a power function s =[], s/* for some powers z;’s. They

derived the image solution for single-barrier options based on a generalized binary

pricing formula, but nevertheless did not consider two-sided exponential boundaries.

Proof of (5.25). Define the hitting time Tg) = inf{¢ > 0|Sy; = B} . Then the time-0

forward price of an up-and-in multi-asset barrier option is expressed as
E [h(s )1 ( (0 Tﬂ
S0 T g < .

Fixing the dummy variables zs,--- ,z,,, we apply Theorem 4.2.1 by considering
a payoff function B(s;m,...,xm). Write B(s;xg,--- , T) s B(s) for short; then

Theorem 4.2.1 implies
By [h(Si1r)1 (7 < T)| = By, [1(S1r) 1 (Sir > B)]
+ (§>E [ (Si7) 1 (Sir < B)),

where # = 2. In Lemma 5.4.1, we let B(Sy,0<t<T) = {TJ(BI) < T} and

substitute the right-hand side of the equation above into (5.24). Formula (5.25)

then follows by some simple algebraic calculations. Now let us explain how to

obtain the modified initial value vector §5. Given Sy = s;,7 = 1,2,...,m, (5.22)
yields

A Si i .

Sio = =2 1=2,...,m.

(510)’31' (sl)ﬁi’
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If S1p becomes f—f, we use (5.22) again. For ¢ > 2, we have

o B2 Pi S B 2p;
N — pPi e — —_— v — . N
Sio (510) Sio ( st ) (sl)f’i Si (31) .

Thus the proof is complete. O]

Example 5.4.1 (C; for a rainbow call option). For certain forms of h(s), we can
derive closed-form solutions of C} given by (5.30), in which case the formulas in
Theorems 5.4.2 and 5.4.3 become explicit. In order to numerically implement our
results in the next section, we study a particular example of a rainbow call option
written on a geometric basket of assets. In particular, we let the payoff function
h(s) = (s¥ — K)* where s¥ is defined as s¥ = [[I, s and obtain the following

proposition. The proof is given in Section 5.6.1.

Proposition 5.4.4. Let s = (s1,--- ,5,) and h(St) = (S¢* — K)" with a strike

price K. Then

Cr(s) =s"exp (w pl + %w 2wT> {\If (ln &) — U (1n %)1
1

- K {xp <ln ZTT> - <ln —> (5.31)

where
Sw
V(o) = 0, | ZomT = e BuT I Ze +wpl+ wIwl gy,
z) = ) y )
? o VT Vw'SwT oV wESw
In s” +w'uT
~ _ T e /2
b(z) =, | L L LS L

01\/?’ vw'XwT ’_alx/w’Ew ’

s =T[", s and Oy (-, ; p) is the joint distribution function of bivariate standard

normal with correlation p. Here, p and X are the drift vector and the diffusion

matriz of X respectively and w = (wy,ws, -+ ,wy,) e = (1,0,---,0)".
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5.4.2 Numerical examples

We perform numerical valuation of the formulas in Theorem 5.4.3 and Propo-
sition 5.4.4 for a special case where w = (0,1,0,---,0)’; then the payoff function
h(s) = (sa — K)*. We calculate the option prices given varying levels of barriers,
volatilities and correlations. The common parameter values are: s; = so = 1000,
K = 1000, r = 0.05, 0o = 0.3, T = 0.5, 61 = 0.1 and 6 = —0.1. We also consider
different choices of o; and p;5. The numerical results are provided in Table 5.2.

12

To obtain the no-arbitrage time-0 prices, we replace y; by r — 507,71 = 1,2, and

r

multiply the discount factor e~ in the corresponding formula.

Table 5.2: Double knock-out call with an external variable

01/09 L/U pra=-02  pp=0 pp=02 pp=1
0.2/0.3 0/00 96.35 96.35 96.35 96.35
400/1600 96.34 96.31 96.27 95.93
500/1500 96.27 96.16 95.97 94.54
600,/1400 95.92 95.44 94.72 89.57
700/1300 93.65 92.24 90.14 75.16
0.3/0.3 0/00 96.35 96.35 96.35 96.35
400/1600 95.99 94.81 93.68 85.88
500/1500 94.38 92.85 90.74 76.57
600/1400 90.33 88.03 84.71 61.48
700/1300 76.96 75.03 71.47 40.54
0.4/0.3 0/o00 96.35 96.35 96.35 96.35
400/1600 92.53 90.04 86.77 65.70
500/1500 88.01 85.00 80.87 53.04
600/1400 76.33 74.01 70.08 37.86
700/1300 52.92 52.27 49.98 21.75
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Our implementation requires the computation of some bivariate normal dis-
tributions. We point out that for certain payoff functions, multivariate normal
distributions will be used, leading to computational inefficiency. For example, when
h(s) = (max (sz,--- ,8m) — K)*, which was considered in Wong and Kwok (2003),
the pricing formula involves m-dimensional normal probabilities, which are never
easy to compute numerically for a large value of m. When analyzing our examples,
we employed the function “pmvnorm” in the R package “mvtnorm”, which com-
putes multivariate normal probabilities with arbitrary correlation matrices. This
program specifies an algorithm proposed in Genz (1992), and this algorithm per-
forms a sequence of initial transformations to transform the original integral into
an integral over a unit hyper-cube, which can be handled efficiently using either
Monte-Carlo or subregion adaptive numerical integration. This moderately reme-
dies the computational issue caused by high dimensionality.

Through the implementation, we note that the doubly infinite series in (5.29)
converge extremely rapidly and only a few terms are required to achieve numerical
accuracy. The option prices are observed to increase as the barrier interval grows
wider or the volatility of the outside asset becomes smaller. This justifies our intu-
ition that the value of knock-out options rises as it is less likely for the barriers to be
breached. The impact of the correlation coefficient is however undetermined. The
overall trend according to the numbers in Table 5.2 appears to be that the options
are worth less as the two assets become more positively correlated, but it is not
the case for other parameter values. Figure 5.1 illustrates the complicated relations
between the option prices and the correlations. It is also worthwhile to point out
that when pjo = 1 and 07 = 09, formula (5.29) reduces to the known formula (4.34)
under the one-asset model. Therefore, we should expect with no surprise that the
numbers in the last column of Table 5.2 when o; = g9 = 0.3 are identical to those

in Table 4.1 when ¢ = 0.3, ; = 0.1 and d3 = —0.1. Interestingly, the option prices
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are seen to be all identical when L = 0 and U = oco. Because in these two cases,
the barrier options reduce to vanilla call options whose values only depend on the
performance of {Ss}. Hence, the option values will have nothing to do with either

the correlation or the value of the outside asset.

0,=0.2,U=1300, L=700 0,=0.3,U=1150, L =850
w ]
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Figure 5.1: Multi-asset double knock-out call price vs. correlation
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5.4.3 Extension to two-sided stochastic barrier

The availability of pricing formulas within the multi-asset framework allows
us to make an extension to a more flexible case where the time-varying barriers are
stochastic and also driven by geometric Brownian motions. Let us express our point
by studying a double knock-out option.

We still follow the model setting given at the beginning of Section 5.4.1:
the payoff function is h : (0,00)™ — (0,00) and the asset price process S; =
(Sht, -+, Sme) satisfies the usual conditions. We define a stochastic upper bound-

ary Uy =U eXtl and a stochastic lower boundary L; = LeX% where
sz :u?t—l—aBZtB, t>0,

X =1Pt+opZP, t>0,

with {ZP} being a standard Brownian motion. Hence, the two boundaries share the
same uncertainty and volatility, and we assume the correlation between dZ;; and
dZP is denoted by pP, i = 1,2,...,m. Then the time-0 forward price of a double

knock-out option restricted by these two stochastic boundaries is given by
E, [h(sT)IL (LeXQBt < S, <Ut o<t< Tﬂ . s= (51,50, ,5m).  (5.32)

As usual, we assume L < s; < U, and also Ler?T < UettT to avoid the situation
where the two boundaries intersect at some point before time 7. We can easily
absorb the uncertainty component introduced by the boundaries into the barrier

variable by noting the following obvious identity:
{LeX2Bt < Sy <Ueso<t< T} - {Le(ﬂzB*f‘lB” < s XX U 0<t< T}.
Alternatively, we can also rewrite the left-hand side of the identity above as

{L < s X8 < el it < < T} .
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Therefore, the problem reduces to the one we already solved in the multi-asset
framework, where the process of the barrier variable is given by { X, — XZ} and the
curvatures of the upper and lower boundaries are respectively 0 and pf — u?. Now
it only becomes necessary to identify the distribution of the multivariate process

(Xlt - XlB;a X1t7 e 7th)/-

The drift vector and diffusion matrix of (XB, Xy, -+, X,¢)" are respectively
given by
T o 0
and ,
OB >
(m+1)x1 (m+1)x (m+1)
B B B ! :
where o = (p1 0108, Py 0208, . . . ,pmamaB) , and g and ¥ are respectively the

drift vector and the diffusion matrix of (X4, Xof, - -+, Xpne)'- Therefore, by a simple
transformation, one can easily write down the drift vector and the diffusion matrix

Of (Xlt - X£7X1t7 e 7th>/ as

!/

-1 € ub -1 € o4 og\ (-1 €
and )

where 0 = (0,0,---,0), e =(1,0,---,0)" and I,, denotes an m x m identity matrix.
Now one is able to readily apply the pricing formula provided in Theorem 5.4.3 to

calculate the expectation (5.32).

5.5 Window barrier options

The purpose of this section is to discuss the valuation of a class of barrier
options where the underlying asset price is monitored only during a fraction of the
options’ life. Before mentioning window barrier options, let us first introduce their
regular form, which is called partial barrier options. There are two types of partial

barrier options. One is forward-starting barrier options where the monitoring period
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starts at a specified date strictly after the options initiate. The other is early-ending
barrier options where the monitoring period terminates at a specified date strictly
before the options expire. With the feature of partial monitoring window, partial
barrier options can be employed to limit the risk of the barriers to be knocked in
or out, and have been extensively traded in the foreign exchanges or the over-the-
counter markets, to replace or supplement traditional barrier options. Heynen and
Kat (1994b) and Carr (1995) derived pricing formulas of partial barrier options in
terms of bivariate normal probabilities. The application of static hedging technique
to valuing partial barrier options can be found in Carr and Chou (2002).

Window barrier options incorporate both the forward-starting and early-ending
monitorings and thus offer more flexible structure, as opposed to partial barrier op-
tions. Investors who hold window barrier options can enjoy a more customized
hedging or investing experience by carefully choosing the location of monitoring
period according to how they evaluate the financial markets. Guillaume (2003)
studied window double knock-out options with flat barriers as well as a more exotic
case where single and double barriers are mixed during multiple disjoint monitoring
periods.

We will apply the results obtained in Chapter 4 to value window double
knock-out options with exponential boundaries and arbitrary payoff functions. By
repetitive conditioning, we will show that window barrier options can be viewed as
compound options written on certain standard barrier options. Assuming a single
segment of monitoring window with a fixed starting time ¢; and a fixed ending
time t5, we express the pricing formula in terms of trivariate normal distribution
functions. The following begins with the case of forward-starting window and then
extends to the case of forward-starting and early-ending window. At the end, some

numerical examples and related discussion are provided.
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5.5.1 Forward-starting monitoring window

We assume that the barriers are not visible until some pre-specified time point
t; and stay active in the remaining lifetime of the contract. Therefore, this type of
options behaves as plain vanilla options prior to time ¢; and then becomes identical
to a standard double-barrier option during the monitoring period from ¢; to 7. We
can express the time-0 forward price W of the forward-starting double knock-out

options as the following expectation,

WU (sg,t1,T) = Es, lw(ST)IL < max (S; — U;) < 0, min (S, — L;) > 0)] . (5.33)

t1<t<T 11 <t<T

Note that in this case, sy is not necessarily between L and U if ¢t; # 0. By condi-

tioning on Fy,, we can rewrite (5.33) as
W (so,t1,T) = Egy [1 (Ly, < Si, < Upy) Val(Se, T — t15 Ly, , Uy )] (5.34)

where we let Vi(s,T — tq; Ly,, Uy, ) denote the time-0 forward price of the standard
double knock-out options; 7 is the payoff function, s is the initial asset price, T'— t;
is the maturity time, L;, and U;, are the initial levels of the two barriers. Equation
(5.34) shows that this window barrier option can be viewed as a compound option:
this compound option gives the holder the right to purchase a standard barrier
option at time t; at the cost of V, if L;, < Sy, < U;. The explicit formula for
V. can be derived from the pricing formula (4.34). Then we express WY by the

integration
Uty
Wﬂ('l)<807t1>T) = / Vﬂ(saT - tl;Ltm Ut1)f5t1 (8)d87 (535)
Le,
where fs, (s) denotes the probability density function of S;, given Sy = sp. In fact,
we are able to give an analytical solution of Wi, But to save space and focus

on the more general case, let us move on to the next section where we combine

forward-starting and early-ending windows.
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5.5.2 Forward-starting and early-ending monitoring window

We assume that monitoring of the double barriers starts at time ¢; and ends
at time ty where 0 < t; < t3 < T. The time-0 forward price W of this type of

window barrier options can be expressed as

WP (s0,t1,t2,T) = Eg, {W(ST)IL ( max (S; — Uy) <0, min (S; — L;) > O)} :

t1<t<ts t1 <t<to
(5.36)

The case of forward-starting and early-ending window can immediately reduce to

the case of only forward-starting window. In particular, we have

W7$'2) (SOa tla t27 T) = W)EI) (307 tla t?) (537)

= Eso [I]_ (Ltl < St1 < Utl) Vx(StlatQ — tl, Lt17 Utl)] s (538)
where x(s) is defined as
x(s) = E[7(S7)|Fty, St = 5] (5.39)

Equation (5.37) is derived by conditioning on F;, of the expectation in (5.36), and
(5.38) follows immediately from (5.34). Similar to (5.35), WL can also be computed
by numerical integration as long as we know the formula for V), which is derived
from Theorem 4.4.4 by replacing T by ty — t1, 7(s) by x(s), L by L, and U by Uy,.

Specifically, one can easily show that

e S/Bn Tn
Kot bkl = 3 (3] 4R (8= 00)
— t
> 85” Yn—k2 L?l
_n;oo<Lt1> Py <8§2n7t2_t1;Lt27Ut2> . (5.40)

where for the ease of analysis, we define § = Z—? and
- 1

P (s, t,z,y) = E5 [x(St)L(x < St < y)].

Based on the definition of x(s) by (5.39), we evaluate P, (s,ty — t1, Ly,, Uy,) in the
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following manner.

PX (3’ ty — 11, Lt27 Ut2) = E; [X(Stz—tl)ﬂ (Lt2 < StQ—t1 < Ut2)]
=E [X(StQ)]l (Lt2 < St2 < Ut2) |St1 = S]
=E [E [W(ST)|EQ] 1 (Ltz < Stz < Ut2) |St1 = S]

— E[n(Sp)L (L, < Sy, < Uy,)|S,, = 5]. (5.41)

When the payoff function 7(s) is of call or put type, we can explicitly write P, in
terms of bivariate normal probabilities.
We pursue a closed-form solution of W752), and this can be achieved by com-

bining (5.38), (5.40) and (5.41). In particular, we obtain the following theorem.

Theorem 5.5.1. Let sq be the initial asset value. The two exponential boundaries
U, = Ue and L, = Le®t are monitored over the time interval from ti to ty where
0 <ty <ty <T. The time-0 forward price Wf) of the window double knock-out

options is given by the doubly infinite sum

o0

L? S
W7E2)<807t1’t2’T) = Z {ESO [71- (éQnST) [n] — Es, [ﬂ' (@5; S_§:> Jn] }, (5.42)

n=—oo

L
where B = 71,
- 1

Stlén o nkK9 m
I, = B2 (Lyy, < Sy < Uy, Lyy < 7S, < U,)

Ly,
Su "\ L3 s,
Jn:( Lt_) 1 Lt1<5t1<Ut1,Lt2<ﬁ—g;S—%<Ut2 :

_ _ 2(p—01  2(u—0d2
and v, = n(ky — K1), K1 = % and Ky = %

Theorem 5.5.1 provides a representation formula for W in terms of the prices
of options whose payoffs only depend on the asset values at time points t = 0, ¢,

to and T'. For the formula to be well-defined, ¢; must be strictly greater than 0 and
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to must be strictly less than T". However, one can still let ¢5 tend to T' to recover a
forward-starting monitoring window and let ¢; tend to 0 to recover an early-ending
monitoring window. The known formula (4.34) for the standard double knock-out
options can be reproduced by letting ¢; and ¢, tend to 0 and T respectively at the

same time.

Proof of Theorem 5.5.1. Formula (5.42) can be derived by substituting (5.40) and
(5.41) into (5.38). The order of summation and expectation can be interchanged
because every term involved is positive. Let us consider the n-th summand in the

first doubly infinte sum of (5.40) and denote it by @,(s). By equation (5.41),

sB"\ ™
Q)= (=) 8B (5001 (L < S < U

Stl — S£2n:|

Sﬁn " nKko 2n 2n
- (Lt1> BE {w(g St) 1 (Ly, < S, < Uy,)

Stl = $:| s

and hence, conditional on F;,, we have

Stlﬂn " 2 2
@u(S,) =E K = ) g (5257) 1 (Lyy < 5751 < Us)

]-“t1] |
From the inspection of (5.38), we need to compute
ESO [1 (Ltl < St1 < Utl) Qn(stl)] :

Using the fact that 1(L:, < S, < Uy,) is JFy,-measurable as well as using the law
of iterated expectations lead to the first expectation in the summations of (5.42).

The second expectation can be computed in an analogous manner. O

Now let us apply Theorem 5.5.1 to find the explicit solution for a window

double knock-out call option.
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Corollary 5.5.2. When 7w(s) = (s — K)" for a strike price K, then the doubly

infinite series given by (5.42) can be expressed as

Wf) (s0,t1,t2,T")

[e’¢] Bn Yn+K2
= Z (—_) L2 { B2 (Vs V) T1p — KE(Y, 0)T2n }

n=—00 Ltl
Tn—kK2 1
- Z (Lt ) W {Lig(’yn — R — 27 1)I3n - éang(’Yn — kg, 0)I4n} )
where we have defined 3 = U Yo = n(ko — K1), Ky = 2(110—251)7 and Ky = 2(/!0—252)‘ We
also define

2 2
E(x,y) = sy " exp ((uw + %w2 + 02:63;) t + (uy + %?ﬁ) T>

and
Tin = Of (ag, ay, a5) — O7 (ag, a3, a5) — OF (ay, ay, as) + 07 (ay, as, as),
Ty, = OF (v, g, a5) — OF (g, a3, a5) — OF (g, g, a5) + O3 (g, s, ),
s, = O3 (g, ar, ag) — O3 (ag, ag, ag) — O3 (a1, ar, ag) + O3 (a1, ag, ag),
Zin = Oy (g, a7, a8) — Oy (g, ag, ag) — O (a1, ar, ag) + O, (ag, ag, ag),
where

] x—utl—w hoy- Mtg—%aztl 24 pT + ot
®($ Y, )_CI) ) )
oVT
),
—€
ta
Of(z,y,z) = m—atl y — 02ty 2z + 0 )

O4(z,y,2) = 05 (x + K20ty y + 2pts + (290 — K2)o ty, 2 — 2uty — (2, — Ka)o )

O5(z,y, 2) = O3 (a: + 0%,y — 0ty 2 + O'2T) ,
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with e =1 or —1 and ®3(-, -, ; p12, P13, p23) being the distribution function of trivari-

ate standard normal with correlations pi2, p13 and pa3, and

L L L U Ly Uy
ap = 17 Qg = 17 &32111 227 064:1 -
n 2n>’
so 50 508 sof3
2n 2n 2
| S0P | soLs, [ | soUt, 32" ) L3,
5 = 1IN —— g =N ———F— a7y =N ———— g = In .
K ) Lgl ) Lt21 ’ SOKﬁ2n

Proof of Corollary 5.5.2. Let m(s) = (s — K)* in Theorem 5.5.1 and define X; =

ln . After some simple calculations, we have

[e%} ﬁn Yn+K2 3 .
W (sg, t1,t9,T) = Z (__) Lyt (ﬁQ Jin — szn)

— (BN on
- > o W(Ltljgn—@ K Tun) ,

where
Jin=E [SV"ST (1 < Xy, < ag,a3 < Xy, < ay, —Xp < a5)] ,
Jon, = E [S "1 (an < Xy, < ag,a3 < Xy, < oy, —Xp < 045)} ,
Tan = E[SI"72 72801 (an < Xy, < o, a6 < Xyy — 2X5, < a7,2X,, — Xp < ag)]
TJun = E [S'Y” "] (Oél < th < g, a5 < Xt2 2Xt1 < o, 2Xt1 —Xr < Oég)} .

Then it is sufficient to show that
jln — g(’)/’nn 1):[1717 an - g(,yﬂJ 0)12717
s73n - g(’Yn — Rg — 27 1)13717 s74n = g(’)/n — Ko, 0)Z4n

Note that by the definition of £(z,y), we have E(z,y) = Es, [Sfl Sﬂ Applying the
Esscher transform factorization (2.8), we can rewrite each of the expectation above

as the product of £(x, y) and a trivariate normal probability under some transformed
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measure with certain choices of x and y. Let us take [J3, as an example.

\7371 = 5(’)% — K2 _2a1>

X Pr(ag < Xy, < ag,ap < Xy, —2Xy, < a7,2Xy, — Xr < ag;h),

where h = (7, —k2—2,0,1)". We need to show that the probability in the expression
above is equal to Z3,. In fact, this two-sided probability can be easily rewritten
in terms of four one-sided probabilities, and it is only necessary to identify the
mean vector and the covariance matrix of the trivariate normal vector (X, , X;, —
2Xy,,2X;, — X7) under the transformed measure with index h. It is easy to verify
that the mean vector and the covariance matrix of the triplet (Xy,, Xt,, X7)" under

the original measure are respectively given by

[Ltl U2t1 02t1 02t1
m =\ uty and Q = O'2t1 0'2t2 O'th
wl oty o’ty T

Because of the transformation

th th 1 O O
X, —2X, | =R | X, with R=|-2 1 0 |,
2X,, — Xr Xr 2 0 -1

the mean vector and the covariance matrix of (X;,, X;, — 2X;,,2X;, — X7) under

the transformed measure with index h can be respectively expressed as
R(m+ Qh) and RQR'

We standardize the trivariate normal vector and the result follows immediately. The

other three quantities Ji,, Jon, and Ju, can be computed in a similar fashion. [
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5.5.3 Numerical examples

We perform the numerical valuation of the formula in Corollary 5.5.2. We
examine various choices of barrier levels, curvature rates and monitoring periods.
The common parameter values are: sy = 1000, K = 1000, r = 0.05,0 = 0.3, t, = 0.4
and T" = 0.5. The left end-point ¢; of the monitoring window has values 0.1, 0.2
or 0.3. To obtain the time-0 arbitrage-free price, we let u = r — %02 and multiply
the discount factor e™"7 in the formula. The related trivariate normal probabilities
are computed using the function “pmvnorm” in the R package “mvtnorm” which
employs an algorithm proposed by Genz (1992). The results are provided in Table

5.3 where we also compare them with the prices of standard double knock-out call

options (SDKOCall), in which case t; = 0 and ¢t =T = 0.5.

Table 5.3: Window double knock-out call vs. standard double knock-out call

51/05 LU t,=01 =02 ¢ =03 | SDKOCall
0.1/-0.1 0/00 96.35 96.35 06.35 96.35
400,/1600 91.19 91.20 01.41 85.88
500,/1500 84.88 84.95 85.54 76.57
600,/1400 72.92 73.18 74.63 61.48
700,/1300 53.56 54.40 57.19 40.54
0/0 0/00 96.35 06.35 96.35 96.35
400,/1600 88.20 88.22 88.50 80.06
500/1500 79.61 79.68 80.40 67.88
600,/1400 64.89 65.15 66.71 50.23
700,/1300 43.77 44.53 47.16 28.90
-0.1/0.1 0/00 96.35 96.35 96.35 96.35
400/1600 84.00 84.02 84.37 72.22
500/1500 72.85 72.93 73.74 57.30
600,/1400 55.65 55.91 57.49 38.10
700,/1300 33.93 34.56 36.88 18.22
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The option values are observed to decrease with the narrowing of the barrier
interval or the monitoring window, as a consequence of the increasing likelihood
for the options to expire worthless upon breaching the barriers. Two extreme cases
are also investigated. One is L = 0 and U = oo, and the result reduces to $96.35,
the price of vanilla call options regardless of the monitoring period. The other is
t; = 0 and t, = 0.5. In this case, the barriers are visible during the entire lifetime
of the contract and the results become the prices of standard double knock-out call
(SDKOCall), which are listed in the last column of Table 5.3 as benchmarks. These
numbers are copied directly from Table 4.1, not computed using the formula given
by Corollary 5.5.2, because when t; = 0 and t, = 0.5, the formula is invalid for

implementation as the trivariate normal probabilities reduce to univariate normal

probabilities.
5.6 Appendix
5.6.1 Proof of Proposition 5.4.4
Proof. First we can verify that given s = (s, $2,-*+ ,8mn)/,

C;:(S) =E [(ﬁ(SZT)wl — K) 1 (LT < SlT < UT>

i=1

- L Ur «— K
= s"YE [exp (Z wZXlT> 1 (hls—? < Xir <In S—f, szXzT > In 8_“’)]

i=1 i=1

L Ur — K
— KPr <1H—T < Xt <1D—T,Z’(UZ‘XZ‘T >1H—) . (543)
S1 1 sw

S ;
=1
Applying the Esscher transform factorization (2.8), we further express the last ex-
pectation in (5.43) as

m L U m Sw
E [exp (ZwiXiT>] Pr <1n8—1T < Xir<In 5_1T’ —ZwiXiT <In ?;w> )
i=1

i=1
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where w after the semicolon indicates that the probability is calculated under the
transformed measure with index w. Note that Z:’il w; X;7 = w' X r follows normal

distribution with mean w’pT and variance w'XwT. Hence,

i 1
E [exp <Z wiXiT>] = exp (w’uT + Ew’EwT) )
i=1

Now it is only necessary to identify the distribution of the vector

m /
<X1T> — Z wiXiT>
i=1

under the new measure. Note that

/
m
<X1T> - Z wiXiT> = VIXT,
i=1
where v = (e, —w) is an m x 2 matrix with e = (1,0,---,0)’. Then the random
vector v/ Xt has a bivariate normal distribution. As a result of the discussion at

the end of Example 2.5.1, one can show the mean vector and the covariance matrix

under the transformed measure are respectively given by

,UqT + e'YwT
Vi(p+ Xw)T =
—w'uT — wXwT
2x1
and
o?T  —eSwT
VIVT =
—e'YwT wXwT
2x2

On the left-hand sides of the identities above, the product of the vector (matrix)
and the scalar T' is taken entry-wise. Now we can compute (5.43) by standardizing

the normal vectors and the desired result follows. O
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CHAPTER 6

PRICING BARRIER OPTIONS IN JUMP-DIFFUSION
MODELS

6.1 Introduction

Jump-diffusion processes have been extensively considered in insurance and
finance as a standard modeling tool. For actuaries, the use of pure jump processes
can be traced back to the fundamental work of Filip Lundberg in collective risk
theory, where the aggregate claims were modeled by compound Poisson processes.
See, for example, Gerber (1970, 1972) and Dufresne and Gerber (1991b), where a
Brownian motion was added to the compound Poisson process. Jump diffusions are
also widely used to model an insurer’s liabilities. For example, Cummins (1988)
and Duan and Yu (2005) evaluated the risk-based premiums of insurance guaranty
funds in jump diffusions. It is analytically convenient if the distribution of indi-
vidual claim size is a mixture (or a combination) of exponential distributions, and
quantities such as ruin probability and expected discounted dividends until ruin
can be determined in explicit forms. See, for example, Dufresne and Gerber (1988,
1989, 1991a,b), Chan (1990), Gerber and Shiu (1998a, 2005), Chan, Gerber and
Shiu (2006), Gerber, Shiu and Smith (2006) and Avanzi and Gerber (2008).

Jump diffusions also find their popularity in finance. Jump-diffusion mod-
els are able to capture dramatic changes in the underlyings, and naturally exhibit
some significant empirical facts such as leptokurtosis and implied volatility smiles,

which the traditional BS framework cannot account for. Merton (1976) modeled
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stock price movements by adding an independent compound Poisson process to a
Brownian motion and assuming the jump magnitude is normally distributed. To
obtain particular tractability for path-dependent options, Kou (2002) proposed a
jump-diffusion model where the jump magnitude follows an asymmetric double ex-
ponential distribution. To generalize the model in Kou (2002), Cai, Chen and Wan
(2009) and Cai and Kou (2011) respectively considered a mixture and a combina-
tion of exponential distributions as the distribution of the jump magnitude. Besides
analytical convenience, the benefit of assuming combinations of exponential distri-
butions for jump sizes is that they can be used to approximate the distribution of
any jump size in the sense of weak convergence. See Cai and Kou (2011) for some
numerical examples where combinations of exponential distributions were used to
estimate heavy-tail distributions including Gamma, Pareto and Weibull. For mod-
els based on general Lévy processes, one can see Carr et al. (2003), Cont and Tankov
(2004) and reference therein.

The volatilities of asset returns estimated from empirical data are basically
stochastic and clustered; such phenomena cannot be captured under diffusions with
deterministic volatilities. Therefore, models incorporating stochastic volatilities
were proposed to fit clustering effects and long-term behavior. See, for example,
Heston (1993), Bates (1996), Duffie, Pan and Singleton (2000), Carr et al. (2003)
and Alos, Chen and Rheinlénder (2016).

The difficulty in pricing barrier options under jump-diffusion models mainly
comes from the fact that the boundary crossing can be realized by either touching
the boundary or jumping across the boundary, which should be treated separately.
One method is to establish a partial integro-differential equation that the option
value satisfies and solve it numerically. Some techniques such as variational methods
and extrapolation have been developed by, for example, Feng, Linetsky and Mar-

cozzi (2004) and Feng and Linetsky (2008), to efficiently solve this type of equations.
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The other method is to identify the joint distribution of the jump-diffusion process
at maturity and its exit times through Laplace transform inversion. In general, this
Laplace transform is difficult, if not impossible, to derive analytically. However,
for particular cases where the distribution of the jump magnitude is a mixture or
combination of exponential distributions, the Laplace transforms associated with
the one-sided and two-sided exit times can be obtained explicitly in fairly simple
forms, partially because of the memoryless property. See, for example, Kou and
Wang (2004), Kou, Petrella and Wang (2005), Cai, Chen and Wan (2009) and Cai
and Kou (2011). See also Gerber, Shiu and Yang (2013) who obtained correspond-
ing Laplace transforms based on the Wiener-Hopf factorization. A recent study can
be found in Alos, Chen and Rheinldnder (2016) which valued barrier options under
stochastic volatility models based on a general self-duality.

In the approach pioneered by Kou and his co-authors, it is not as easy to
get the Laplace transform for curved boundaries as for flat boundaries, and double
exponential distribution has to be assumed for the jump size to obtain closed-form
solutions. Our purpose is to derive pricing formulas for knock-out options with
exponential boundaries, arbitrary payoffs, and more flexible jump distributions. In
our model, the underlying asset price process {S;} is modeled by the dynamic

Ny
S, = Sy exp <Mt+aWt+ZY}>, t>0, (6.1)

i=1
where {W,} is a standard Brownian motion, {/V;} is a Poisson process with intensity
A and {Y;};>1 are jump sizes and are independent and identically distributed (i.i.d.)
with a common density function fy (y). We further assume {W,}, {N;} and {Y;}i>1
are mutually independent. The sum part {vaztl Y;} is usually called a compound

Poisson process.

Our work can be viewed as an extention of Shao and Wang (2012) who studied

the distributions of one-sided and two-sided exit times of {In(S;/Sp)} with respect
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to linear boundaries (and more general non-linear boundaries). We shall extend to
derive the joint distributions of In(Sr/Sy) and the exit times where 7" is the matu-
rity time. In fact, as in Shao and Wang (2012), our pricing formulas are also valid
for more general counting processes and jump sizes as long as the joint distribu-
tion of (Y1,Ya,...,Y,) is available for all n > 1. However, for risk-neutral valuation
purpose, a (homogeneous) Poisson process and i.i.d. jump sizes should be assumed
in our discussion. We also point out that we will only calculate the (discounted)
expected values under the physical measure. Therefore, our formula is valid in no-
arbitrage pricing only if the asset price process has the same jump-diffusion form
under the selected risk-neutral measure, which holds if the distribution of the jump
size belongs to the exponential family (See Corollary 1 and the remark after it in
Kou (2002)). This definitely includes the well-known models proposed in Merton
(1976) and Kou (2002).

The remainder of this chapter is organized as follows. Section 6.2 briefly re-
views the basic set-up for option pricing in jump-diffusion models (such as models
in Merton (1976) and Kou (2002)), preparing for risk-neutral valuation and the
numerical analysis thereafter. Section 6.3 studies up-and-out options with single
exponential boundary, and Section 6.4 studies double knock-out options with ex-
ponential boundaries. Section 6.5 describes how to implement our pricing formulas
and some numerical examples are provided. Section 6.6 talks about an immediate
application of our method to pricing a step double knock-out option with a set of

piecewise exponential boundaries in the BS economy.

6.2 The setting for risk-neutral pricing

We follow the basic setting for option pricing given in Kou (2002, 2007). The

market is incomplete when jumps are incorporated into asset prices and thus the
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risk-neutral measure is not unique. Within an equilibrium framework, Kou (2002)
demonstrated that a risk-neutral measure can be chosen under which the asset price
process takes the same jump-diffusion form as in (6.1), given that the distribution
of {Y;}i>1 belongs to the exponential family. In our discussion, we assume the
underlying asset does not pay any dividends. We will take a risk-neutral measure
as given and assume under that measure,
N¢
S, = Sy exp (,ut +oWi+ ) Yi) . t>0, (6.2)
i=1

where the drift is expressed as

p=r—"7— (B[] - 1))

with r being the constant risk-free interest rate. Note that the discounted asset
price process {e~"S;} with the given parameter p is a martingale.

In Merton (1976), {Y;}i>1 follow i.i.d. normal distributions and

) = o (U51)),

where ¢(-) is the density function of standard normal, m is the mean and v > 0 is

the standard deviation. The drift under the risk-neutral measure is given by

2 2
uzr—%—(em+7—1>x\.

In Kou (2002), {Y;};>1 follow i.i.d. two-sided exponential distributions and
fr(y) =p-me ™y 2 0) + (1 = p) - 1™ 1(y < 0),

where 0 < p <1, 7, > 1 and 75 > 0. The condition 7; > 1 guarantees the existence

of E[e*]. The drift under the risk-neutral measure is given by

/L:’I"—U—2— pm_ (=P Y
2 m—1 n2+1 '

We remark that a variety of other jump size distributions can also be incorporated
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into the model (6.2) such as Bernoulli distribution, Gamma distribution, a mixture
(or a combination) of exponential distributions and so on.

Here we also want to reconsider the risk-neutral valuation from a viewpoint
of Esscher transforms. When the market is incomplete, the method of Esscher
transforms gives a general and unambiguous solution by leading to a unique Esscher
risk-neutral measure, which can be determined by solving the equation (2.9) where

the Lévy process is given by

Nt

St
In— = ut W, Y.
IlSO ,u—|‘0' t+izl

One can easily show that the moment-generating functions of this Lévy process

under the physical measure and the new measure with index a* are respectively

E [(%)} = exp { <uz + 02222 + (E[eM] —1) A) t} :
and

E K%) ; a*] = exp { ((u +a*c”) 2+ 02222 + (E[e™a*] —1) AE [ea*Yl}) t} :

from which we can conclude that {S;} takes the same jump-diffusion form under

written as

the physical measure and the risk-neutral measure if Y] is in the same distribution
family under these two measures. This essentially means the jump size distribution

belongs to the exponential family, as evidenced by Corollary 1 in Kou (2002).

6.3 Single-barrier options

The objective of this section is to derive an explicit formula for the price of

up-and-out options with a time-varying boundary B, = Be’. In particular, we are
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interested in calculating the expectation
E, [7(S7)L (Sy < Be",0<t<T)], sy<B. (6.3)

We can rewrite the asset price as

Ny
Sy = Sy exp (XwZYi) ,

i=1

where {X,} is a Brownian motion defined by
Xy =pt+oW,, t>0. (6.4)

By variable transformations and change of drift, one can easily show that the ex-

pectation (6.3) is equivalent to

Nr N¢
E[¢ (XT+ZYZ-> 1 <Xt+ZY,~<b,O§t§T>
i=1

i=1

. (6.5)

for some function ¢ (z) and some b > 0. We can recover (6.3) by letting i (z) =
T (5065T+’”), b=1In %, and replacing the drift term p by g — § in (6.5). Therefore,
we shall focus on the evaluation of (6.5) in this section thereafter. Shao and Wang
(2012) calculated the boundary crossing probability, which is equal to expectation
(6.5) with ¢(z) = 1. We will show that the method in Shao and Wang (2012) can
be carried out to calculate (6.5) for an arbitrary function ¢ (z).
Notice that we can easily rewrite the knock-out event as
Ny Ny
{Xt+2n<b,ogt§T}:{Xt<b—2n,ogt§T}. (6.6)
i=1 i=1
In light of (6.6), the problem of the jump diffusion delimited by the fixed boundary
can be translated into the problem of a linear Brownian motion delimited by a
stochastic boundary which is a step function in time and moves according to the
Poisson process { N;} (For example, see Figure 6.1 for an illustration). In particular,
we partition the time interval [0, '] with arrival times of the Poisson process up to

time 7" and piecewise evaluate the event given by (6.6).
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b
T, T, T, T, T
b -Y,
_)71 - Yz
— Y4
’Tl T2 T3 T4 T

Figure 6.1: The jump-diffusion process with an upper boundary b given Ny = 4

For n > 1, let T,, denote the arrival time of the n-th jump for the Poisson

point process {NV;}. In particular, we define
TO == 0, Tn_;’_l = lnf {t > T’I’L|Nt7 7é Nt}, n Z 0

It is a well-known result that the joint distribution of (7}, 75, -- ,T,,) conditional
on N = n is the same as the distribution of the order statistics of n independent

uniform random variables in (0,7"). Let F),(t1,t2, -+ ,t,) denote the corresponding
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density function. Then

Fn(tl,tQ,n-,tn):%, O<ti <tyg<---<t,<T. (6.7)

For notional convenience, we define the cumulative jump size Y, = Zle Y, k>0,

with the convention ) ., = 0. By conditioning on Ny, we can express (6.5) as
E [qp (XT+YNT> 1 <Xt—|—§7Nt <b0<t< T)]
=Y Pr(Ny = n)E [qp (XT +Yn> 1 (Xt VN, <b0<t< T) ‘NT - n} . (6.8)
n=0

The last expectation can be further evaluated by conditioning on the first n arrival

times. Based on the reasoning right after (6.6), we have
E [w (XT+Yn> 1 (Xt+YNt <b,0§t§T> ‘NT:n}
n—1
= E|:'¢ (XT+Yn> Hﬂ (Xt < b—Yk,Tk <t< Tk+1>
k=0
><]1<Xt<b—ffn,Tn§t§T)‘NT:nl. (6.9)

Here we use the convention [], ., = 1. Because {X,}, {V},} and {N,} are mutually
independent, and because we know the joint density functions of (Y7, Ys, -+ ,Y;,) and
(Ty, Ty, -+ ,T,) given Ny = n, it is only necessary to calculate the expectation (6.9)
for every non-negative n given Tj, = t; and Yy = y; for fixed t; and yi, 0 < k < n,
which essentially corresponds to the value of an up-and-out option restricted by an
(n 4 1)-period step boundary in the BS framework. Borrowing an idea from Shao
and Wang (2012), we shall show inductively that this (n + 1)-period step boundary
can reduce to a single-period step boundary, which has been studied thoroughly in
Chapter 4.

Let us explain how to deal with (6.9) for n = 0 and n = 1. When n = 0,

because we assume { Nz} is independent of {X;}, we can easily reduce (6.9) to

Efy (X7) (X <b,0<t<T)],
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which is recognized as the value of an up-and-out option in the BS framework.
When n = 1, given the density function Fj(t;) defined by (6.7) and the density

function fy (y), we can express (6.9) as

T
/ Fi(t)dty /R Fr ) E[d (Xr+y1) 1 (X: < b,0 <t < 1)
0

Note that {X;,t > t1} and {X;,t < t;} are independent given X;, = x; due to the
independent increments property of Brownian motions. Therefore, conditional on

X, = x1, the expectation in (6.10) is evaluated in the following manner.

E[I/J(XT—f—yl):ﬂ_(Xt<b,0§t<t1)ﬂ_(Xt<b—y1,t1§t§T)]

bA(b—y1)
- / gbtl (xl)Pr(Xt < b, 0<t< t1|Xt1 = ,1;1)

[e.o]

XE[¢(XT+y1)ﬂ_(Xt<b—y1,t1 StST) |Xt1 :Jfl]dl‘l

bA(b—y1)
= / Gp, (21)Pr(Xy < b,0 <t < 1| Xy, = a1)

[e.e]

XE[¢(XT_t1+l'1+y1):ﬂ_(Xt<b—l’1—y1,0§t§T—t1)]dl’1,

where ¢y, (1) denotes the density function of X;, and the last step utilizes the in-
dependent and stationary increments property of Brownian motions. In the last
integral, the conditional probability and the expectation have closed-form formulas,
which will be given in Lemma 6.3.1. In fact, the conditional probability is already
mentioned in Example 2.2.2, and the expectation corresponds to the value of an
up-and-out option in the BS framework with modified payoff function, barrier level
and maturity time. For n > 2, we can evaluate (6.9) in a similar fashion. A general

proof will be given right after Theorem (6.3.2).
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Lemma 6.3.1. For b > 0, define two auxiliary functions

Hi(b,z, T)=Pr(X; <b,0<t<T|Xyr=1zx), x<b,

Hy(b,y, T) = E[p(Xr +y)L (X, <b,0<t<T)], yeR.

Then we have

2b(b—z)

Hl(bax7T) =l—-e o7 ) (611)

Hy (b,y,T) = B[ (X7 + y)1 (X7 < b)]

— EE[W(Xr 4y + 2b)1 (Xp < —b)]. (6.12)

Proof of Lemma 6.3.1. Formula (6.11) is an immediate result of (2.4). Formula
(6.12) can be obtained from (4.12) where the payoff function 7(s) = 1 (In(s/so) +y)
and the barrier B = spe’. Note that (6.11) can also be derived from (6.12) where

y=0and ¢(z) = 1(z € dz). 0

Theorem 6.3.2. For a function ¥ (x) and b > 0, we have

E[1/J(XT+YNT)IL(Xt+YNt <b,0§t§T>}

= {A”e”/---/ dtl...dtn/---/ dyl...dyn/ dx1-~-/ dz,
n=0 T " —oo —oo

n

X H [fY(yk)¢tk—tk,1($k)H1 (b— zj—1, T, ty — tk—l)]

k=1

X HY (b= zp, 20, T — 1) } (6.13)

where SF = {(t1,ta, -+, 1,)|0 < t1 < to < -+ < t, < T}, fy(y) is the density
function of Y1 and ¢(x) is the density function of X;. The expressions of Hi
and H;l’ are given by (6.11) and (6.12) respectively. For every k > 1, we define

2, = Zle(mi +y;) with zo =0 and ap = (b — zk—1) N (b — zk—1 — yr). Here we use
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the conventions ),y = 0 and [[,.5 = 1.

Proof of Theorem 6.3.2. Let us sketch the proof. From (6.8) and (6.9), we have
E [w (XT+YNT> 1 (Xt+}7Nt <b0<t< T)]

:iPT(NT:n)/"‘/nFndtl"‘dtn/"‘/nﬁfY(yk)dyl"'dyn
n=0 T k=1

x B [@D(XT—an)H]l(Xt <b—?jk,tk §t<tk+1)] , (614)
k=0
where F,, = F,,(t1,t2,- - ,t,) is the joint density function of the first n arrival times

conditional on Ny = n, which is given by (6.7), fy(y) is the density function of Y7,
and for fixed n > 0, we define ty = 0 and ¢,,,; = T. Note that by defining ¢, 1 =T,
we can absorb the last indicator in (6.9) into the product. The expectation in
(6.14) only involves Brownian motion {X;} and can be evaluated inductively in the

following way. Conditional on Xy, = z1, the expectation in (6.14) is written as

th =T dl’l,

/ ¢, (71)E [¢ (X7 + Un) H L(Xy <b—0p,tp <t <tp)

k=0

where a; = b A (b—y1) and ¢y, (1) denotes the density function of X;,. The upper
limit a; can be derived from the inspection of the first two indicators in (6.14) with
k = 0,1. By the independent increments property of Brownian motions, one can
easily show { Xy, ¢ > ¢} and {X;,¢ < ¢;} are independent given X;, = x;. Therefore,

the conditional expectation above can be expressed as

PI'(Xt < b,O <t< t1|Xt1 = 1’1)

XE[w(XT—i-gn)Hﬂ(Xt<b—gk,tk§t<tk+1)

th = 11:1]
k=1

- Hl(b7 X1, tl)

x B

w(XT_t1+x1+@n)Hﬂ(Xt<b—x1—yk,tk—t1§t<tk+1—t1)] :
k=1
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where H; (b, x1,t1) is defined in Lemma 6.3.1, and we remove the condition X;, = x;
by using the stationary increments property of {X;}. We treat the last expectation
in a similar manner by conditioning on X;, ;, = x2 and noting that {X;,t > to—1;}
and {X;,t < ty — 11} are independent given Xy, ;, = x2. In particular, we have
E [¢(XT—t1 + 21 +,@n)H1(Xt <b—x1 — G, tpy — 01 <t <t _tl)]

. k=1
= /OO Gty—ty (x2)Pr( Xy <b—21 — 11,0 <t <ty — 1| Xyy—t, = 2)

x B

w ()(Tﬂ‘/2 + i’z + g)n) H 1 (Xt <b-— i‘g — Qk;tk — ng <t< tk+1 — tg)] d.CCQ,
k=2

a2
= / Gty (w2)H1 (b — T1 — U1, T2, by — t1)

—0o0

x B

Y ( Xty + T2 + Un) H L(Xy <b—239 — Gp,tp —lg <t < tpqy — t?)] d,,
k=2

where as = (b—21 — 1) A (b— 21— 2). Again, the last expectation can be computed
similarly conditional on X;,_;, = 3. We carry out this procedure for n times and

the desired result follows given formula (6.12) for HY. O

Remark 6.3.1. In formula (6.13), {Y;};>1 in fact are not necessarily i.i.d. ran-
dom variables. The formula is valid as long as we know the joint density of
(Y1,Ys,---,Y,) for all n > 1. However, when the i.i.d. assumption is violated,

the setting for our risk-neutral valuation requires further investigation.

The formula presented in Theorem 6.3.2 is an infinite sum and should be
truncated in practical computation. Because the probability for a large number of
jumps to occur before time T tends to be very small, one should expect that not
many terms of the infinite sum is required for good convergence. To measure the

truncation error, we assume that the function v () is bounded: ¥ (z) < C¥ when
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x < b for some constant C%. We express the right-hand side of (6.14) as

iPr(NT =n)A, = f: O\T)ne_)‘TAn,
n=0

n!
n=0

where A,, represents the multiple integral on the right-hand side of (6.14). It is not

difficult to see that A, < C?¥. Hence, for a positive integer M,

Z ()‘T) 6—)\TAn S Cm/; Z ()‘T) 6—>\T’
n! n!
n>M n>M

where the truncated infinite sum

A" _p =AD" o (AD)MFal (AT)MA
Z n! e Z o eAX(n—f—M—i—l)!S(M—}-l)!'

n>M ' n=0

Then it follows that for a pre-specified € > 0, we are able to find a large enough M

such that C? (?J\?j:fl;l < €. Then we can truncate the infinite sum at M + 1 finite

terms and the truncation error is at most €, which is not affected by the distribution

of the jump sizes {Y;};>1. Note that when x < b,
(s0e” — K)T < (spe® — K)*, (K —s50e”)" < K.

Hence, our analysis above applies to both call and put options as special cases.

Remark 6.3.2. Our method can also be used to value knock-out options with a

downstream barrier. For b < 0, the expectation

NT Nt
E[¢ (XT+ZYZ-> 1 (Xt+2n>b,ogt§T>
i=1

=1

can be evaluated in a similar way as in Theorem 6.3.2. When ¢ (z) = 1, one
may interpret the expectation above as the survival function of the time-until-ruin
random variable where the surplus process starts at an initial capital —b > 0. In
this regard, {Y;};,>1 usually only take negative values in order to model individual

claim sizes.
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6.4 Double-barrier options

In this section, we shall consider the valuation of a double knock-out option
where the underlying asset price S; is modeled by (6.2) and is restricted by two
exponential boundaries. Our formulation here is the same as in Section 4.4 where

%t and the lower

the BS framework is assumed: the upper boundary is U; = Ue
boundary is L, = Le®! with Ue®T > Le®”. The last inequality ensures that the
two boundaries do not intersect before the maturity time 7. We want to calculate

the following expectation.
Eg [7(S7)1(Ly < Sy < U, 0 <t <T)], L<sy<U. (6.15)

Through the change of variables i (z) = 7(spe®), u = ln% and [ = In %, we can

easily rewrite the expectation (6.15) as
E [w (XT+1>NT) 1 (zt < X, + Vi, < us,0 gth)} L l<0<u,  (6.16)

where we have defined Y, = ZleYi,k: > 0, as the cumulative jump size and
u = u+ oit, I, = | + 65t are two linear boundaries. The inequality Ue?” > Le®”
is equivalent to ur > lp, which guarantees that the two linear boundaries do not
intersect before time T

Conditioning on the number of jumps before maturity, we have

E[¢ <XT+17NT>]1<lt<Xt+f/Nt<ut,0§t§T>]

= Pr(Nr :n)E[w (XT+Yn> 1 (lt < X+ Yy, <u,0<t< T) Nr :n].
n=0
(6.17)
The expectation on the right-hand side of (6.17) is evaluated conditional on the first

n arrival times of the Poisson process {V;}. By the same reasoning for the case of
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one-sided boundary, we can show that for n > 0,

E[¢<XT+?R)1(zt<Xt+YNt<ut,ogt§T)‘NT:n

n—1
—E[iﬂ (XT+Yn>Hﬂ(lt_Yk<Xt<ut_}>k7Tk§t<Tk+1>
k=0
><]l(lt—Yn<Xt<ut—Yn,Tn§t§T> NT—n],
(6.18)

where we use the convention [, ., = 1. Again, the remaining work is to calculate
the last expectation for every non-negative n given T, =t and Y, =y, 0 < k < n,
which essentially corresponds to the value of a double-knock out option with a two-
sided (n + 1)-period step boundary in the BS framework, and this (n + 1)-period
step boundary, through inductive reasoning, can reduce to a two-sided single-period
boundary, which has been discussed in Chapter 4 as one of our main results.

The explicit formula for (6.16) is derived based on the following results in the

BS model.

Lemma 6.4.1. Let uy = u + 01t and l; = 1+ 6ot with | < 0 < uw and Iy < ur for

some time horizon T > 0. Define two auxiliary functions

Li(ul,x, T)=Pr(l, < Xy <u,,0<t<T|Xr=2), Ilr<zxz<ur,

Then we have

Li(u,l,z,T)
L« 2m(l — u)(x — pT — m(l — u))
- m:Z_OO Kon(u, 1) exp { =T }
B Z K (1.1) exp {2(mu —(m — 1)l)(xa—2/;T —mu+ (m — 1)I) } . (6.19)

m=—0Q
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and
E;b(u,l,y,T)
) x]l(lT<XT+2m(l—u)<uT)}
= Y Kn(w.DE[$ (Xz +y+ 2mu — (2m — 2)])
: X 1(lp < Xr +2mu — (2m — 2)l < ur)], (6.20)
where

Kn(u, 1) = exp {((m — 1)l — mu)7y,, + m(l — u)ks },
Kon(u, 1) = exp { ((m = 1)l — mu) (ym — #2) },

2(u—9a1 2(pu—0d2
and Yy, = m(ky — K1), K1 = % and Ko = %

Proof of Lemma 6.4.1. 1t is not difficult to see that ﬁ;” essentially corresponds to
the value of a double knock-out option with two exponential boundaries, and we
can immediately recover its formula from (4.34) in Theorem 4.4.4 by letting 7(s) =

P(In(s/so) +y), U = see* and L = spe!. To derive formula (6.19), first note that

PI'(XTEd.T&lt<Xt<Ut,O§t<T)

Pr(l, < X; <u;,0<t<T|Xp=ux)= Pr (X7 € dz) ’
T

and then apply the formula for £4 with y = 0 and (2) = 1(z € dx). O

In terms of £; and E;p, the following result presents an explicit formula for

the expectation (6.16) as an infinite sum of multiple integrals.
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Theorem 6.4.2. Let uy = u+ 01t and l; = | + dot with | < 0 < uw and Iy < ur for

a time horizon T > 0. For a function ¢ (x), we have

E[z/; (XT+YNT>IL<lt<Xt+?Nt <ut,0§t§T)]

% dy dn
. {Ane—”/---/ dtl---dtn/---/ dyl...dyn/ dxl---/ dz,
n=0 T " €1 Cn

X H Iy (W)t () L1 (wey = 261, by — 21, Thy te — L) ]
h=1

X 512? (utn — Zn, ltn — Zn, Zn, T — tn) }a (621)

where St = {(t1,ta, -+ ,tx)|0 <ty <ty <---<t, <T}, fy(y) is the density func-
tion of Y1 and ¢(x) is the density function of X;. The expressions of L1 and L;p are
given by (6.19) and (6.20) respectively. For every k > 1, we define 2z, = 3¢ (z; +
Yi), ¢k = (ly, — 26—1) V (ly, — 26—1 — yi) and d, = (uy, — 2p—1) N (W, — 2k—1 — Yk)-

Here we use the conventions ) ..y = 0 and [ [,y = 1.

Proof of Theorem 6.4.2. We shall only give an outline. Define ty =0 and ¢,,1 =T

for every n > 0. It follows from (6.17) and (6.18) that we only need to calculate

E [¢ (X7 + Jn) H (e < Xe 4+ Gr <up,ty <t < tk+1)] ; (6.22)
k=0

for fixed y; and t;, 1 < i < n. Conditioning on X;, = x1, we can express (6.22) as

d1
¢t1 (I‘l)PI' (lt < Xt < ut,O <t< t1|th = l’l)

C1

XE[ XT+yn H:H. lt<Xt+gk;<Ut,tk;§t<tk+1)
k=1

th = ZE1] d[El

d1
= ¢t1(x1)£1(u,l,x1,t1)

c1

x E [zp (X7, + 21+ ) H ll(lt1 + 0ot < Xy 4 o1 + U < uy, + 01t
k=1

by —t <t <tpa —tl)]dxl,
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where the limits ¢; = Iy, V (I;; — 91) and dy = ug, A (ug, — 91) follow from the inspec-
tion of the first two indicators in (6.22) with & = 0, 1. The formula for £, is given
by (6.19). We can continue to evaluate the expectation above in a similar way by
conditioning on Xy, ;, = x2. Repeating this inductive reasoning for n times yields

the formula (6.21). O

In practical implementation of formula (6.21), the infinite sum should be trun-
cated to finite terms. In addition, the functions £; and E? are expressed as doubly
infinite sums and should also be truncated. From the discussion in Section 4.4.3
about the convergence of the double-barrier option pricing formula, one can con-
clude that the formula for C;Z’ will be rapidly convergent as long as ¥ (x) is bounded
over the interval (I7,ur). Since £, is derived from £ with ¢(z) = 1(z € dz), its
formula is also convergent. In the numerical analysis, only a few terms are needed
for accurate estimates of £; and Eg’, and the computation is very time-efficient.
Similar to the discussion right after Remark 6.3.1, the overall truncation error can

also be estimated.

6.5 Numerical examples based on Monte Carlo simulations

In this section, we will describe how to numerically implement the formulas
(6.13) and (6.21). Some numerical examples will be given in the jump-diffusion
models where the jump size follows normal distribution, double exponential distri-
bution and Gamma distribution.

Note that #; and HY in (6.13) and £y and £Y in (6.21) are all expecta-
tions (the probabilities can be viewed as the expectations of indicator functions),
so we can regard the infinite sums in (6.13) and (6.21) as expectations with respect

to the sources of randomness {Nr}, {7;,1 < ¢ < Nr}, {X7,,1 < i < Np} and
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{Y;;1 < ¢ < Nr}. It indicates that we can compute the pricing formulas using
Monte Carlo simulations. The procedure is as follows.

(1) Generate the total number of jumps n from Poisson distribution with pa-
rameter \7'.

(2) Generate n consecutive arrival times t;, 1 < i < n. This can be achieved
by first simulating n i.i.d. uniform random variables in [0, 7] and ranking them in
the ascending order.

(3) Generate the jump sizes y;, 1 < i < n, from the predetermined distribution
with density function fy (y).

(4) Generate independent random numbers z;, 1 < i < n, from normal distri-
bution with mean p(t; —t;_1) and variance o(t; —t;_1). Note that we do not directly
simulate a multivariate normal vector (X, Xy, ¢, -, X4, -1, ,) by the virtue of
the multiple integrals with respect to z; given in (6.13) and (6.21).

(5) Calculate the integrands in (6.13) and (6.21). When n = 0 in step (1),
one can skip (2) to (4) and directly calculate 3 (b,0,T) and £Y(u,1,0,T) using
formulas (6.12) and (6.20).

(6) Repeat steps (1) to (5) for a large enough number of times and compute
the Monte Carlo estimator and its standard error.

We in particular follow the procedure above to price an up-and-out call option
with an exponential boundary B, = Be® within a variety of parameter choices. To
apply formula (6.13), we need to let 1 (z) = (soe* ™7 — K)* where K is the strike
price and b = In g, and also replace p by u — 6. We further assume the strike K
is below the terminal barrier level Be®? to avoid the trivial case. Recall that in

Merton’s model, the drift is given by
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and in Kou’s model, the drift is given by

M:T—0—2— pm_ A =pn Yy
2 7’]1—1 772+1 '

The third model we consider in our numerical analysis is a Gamma distribution

with the density function

The commom parameter values are: so = 1000, K = 1100, B = 1300, T' = 1,
r =0.05, 0 = 0.2. We perform N =5 x 10° simulations. For Merton’s model, we
consider m = —0.1,v = 0.15, m = 0.1,v = 0.1, or m = 0.2,v = 0.1. For Kou’s
model, we consider p = 0.6 and 1, = 12 = 20, 9, = 12 = 30 or 9, = ny, = 40.
For the Gamma distribution model, we consider k = 2,7 = 40, £k = 3,y = 30
or k = 5,7 = 40. We also allow the curvature ¢ of the barrier and the intensity
A of the Poisson process to vary to examine their impacts on the option values.
The simulation results are given in the following tables. Inside the brackets are the
standard errors of the Monte Carlo estimators.

In our numerical examples, the average computational time is about 15 min-
utes, much faster than the crude Monte Carlo method. The latter requires us to
simulate the entire sample path of the price process before maturity time, which is
achieved by discretization. One can then reduce the corresponding discretization
error by shortening the time step in the path generation, but this will substantially
increase the computational time. On the other hand, however, our algorithm is not
as time-efficient as those proposed in, for example, Kou and Wang (2004), Kou,
Petrella and Wang (2005), Feng and Linetsky (2008) and Cai and Kou (2011). The

advantage of our model is that it allows a more general assumption for the jump
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size distribution and the barriers can also depend on time through exponential func-
tions. Therefore, we achieve a good balance between model complexity and solution

tractability.

Table 6.1: Up-and-out call with an exponential boundary when the jump size follows
normal distrbution

0 A m=—0.1,v =0.15 m=0.1,v=0.1 m=0.2,v=0.1
0.1 1 | 24.8980(1.003x107%) 18.7074(1.128x1072)  12.1652(1.110x1072)
2 | 21.7000(1.246x1072)  14.4307(1.286x1072)  7.6757(1.095x1072)
3 | 18.1979(1.329x1072)  11.6204(1.298x1072)  5.4275(1.007x1072)
0 1| 87885(3.631x1073)  6.8680(4.331x1073)  4.2393(4.211x107®)
2 | 7.1761(4.439%x107%)  4.9969(4.989x1073)  2.4254(4.198x1073)
3| 5.7939(4.748x107%)  3.8491(5.072x1073)  1.6236(3.868x107?)
-0.1 1 | 0.8098(3.791x107%)  0.6623(5.284x107%)  0.3983(5.268x10~%)
2 | 0.6442(4.750x107%)  0.4607(6.254x107%)  0.2052(5.430x107%)
3| 0.5223(5.244x107%)  0.3405(6.520x107%)  0.1298(5.133x107%)

Table 6.2: Up-and-out call with an exponential boundary when the jump size follows
double exponential distribution

o A m = =20 m =1 =30 =12 =40
0.1 1 | 24.7507(1.025x107%) 25.5186(1.010x1072)  25.8019(1.002x1072)
2 | 23.4421(1.310x1072)  24.8942(1.309x1072)  25.4500(1.304x 10~2)
3 | 22.2491(1.465x1072)  24.3056(1.483x1072)  25.1179(1.486x10~2)
0 1] 9.3967(3.956x1073)  9.7780(3.907x1073)  9.9324(3.872x107?)
2 | 8.7164(5.125x1073)  9.4212(5.153x1073)  9.7215(5.152x107?)
3| 81260(1.786x1073)  9.0911(5.918x1073)  9.5154(5.949x107?)
-0.1 1| 0.9142(4.560x107%)  0.9563(4.463x107%)  0.9742(4.377x107%)
2 | 0.8388(6.050x107%)  0.9135(6.024x107%)  0.9467(5.949x107%)
3| 0.7722(6.927x107%)  0.8744(7.035x107%)  0.9221(7.026x10~%)
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Table 6.3: Up-and-out call with an exponential boundary when the jump size follows
Gamma distribution

5 A k=2, =40 k=3,v=230 k=5~ =40
0.1 1] 24.6936(1.210x1072) 18.0269(1.743x102)  13.5670(2.146x102)
2 | 22.2322(1.421x1072)  14.6423(1.819x1072)  10.9810(2.255x1072)
3 | 20.1494(1.521x1072)  12.4098(1.696x1072)  9.7343(2.011x1072)
0 1| 9.3058(4.850x1073)  6.7811(6.094x1073)  5.2861(6.863x1073)
2 | 8.5459(5.841x1073)  5.5728(6.487x1073)  4.2283(7.043x107%)
3 | 7.7903(6.336x1073)  4.5923(6.159x1073)  3.5218(6.206x 103)
0.1 1] 0.8926(6.193x10~%)  0.6520(7.392x10~%)  0.5259(7.905x 10~%)
2 | 0.8411(7.593x107%)  0.5502(8.197x10~%)  0.4219(8.407x 104
3| 0.7765(8.344x107%)  0.4493(8.085x10~%)  0.3382(7.789x 104

The expected jump magnitude is equal to m in Merton’s model, equal to

% — % in Kou’s model and equal to % in the Gamma distribution model. Certain
patterns can be observed from the numbers in Tables 6.1, 6.2 and 6.3: the option
values tend to decrease as the upstream barrier drops, the jumps become frequent,
or the expected jump magnitude grows. These trends are consistent with our finan-
cial intuition that a knock-out option loses its value when there is a greater chance

for the barrier to be breached.

6.6 The BS model revisited: double knock-out options with piecewise
exponential boundaries

A step-barrier option has a barrier that is a step function in time. Guillaume
(2010) derived a closed-form solution for a 2-period step double knock-out option
and proposed a Monte Carlo algorithm to recursively compute an n-period double
knock-out option based the 2-period counterpart. Moreover, the step-barrier can

also be a set of piecewise exponential functions in time, which case was considered
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in Kunitomo and Ikeda (1992) to estimate more general curved boundaries, but
nevertheless no explicit formula was given. In this section, we shall present an
immediate application to pricing an (n + 1)-period step-barrier option restricted by
two piecewise exponentially time-varying boundaries.

Let us return to the BS framework and let the underlying asset price S; =
SpeXt with X; = ut + cW;. For a fixed n > 1, we form an (n + 1)-period time
partition 0 =tg < t; < --- < t, < t,y1 =T, and based on this partition we define

the time-varying boundaries U; and L; by

ZU VP T (1, < t < tpy),

ZL M (b <t < tpyy).

Then U; and L, are piecewise exponential functions in time. In some cases, it is
possible to approximate a general curved boundary using piecewise functions like Uy
and L;. For a double knock-out option delineated by U; and L;, we are interested

in calculating the expectation

ESD [W(ST)]I (Lt < St < Ut,O S t S T)]

E,, [w(ST) H 1 (LWt < G, < YRt 1) <t < tk+1)] ,

k=0

with L(© < sy < U©. Of course, we always assume that the two boundaries
never intersect before time 7T'. Define two linear functions ugk) =y 4 01 5t and
Y =10 + 5yt where u® = In 2% and I® = In L™ for 0 < & < n. Then the

expectation above is equivalent to

[ H 1 ( ® < X, <u® b, <t < tkﬂ)] (6.23)

with ¥ (z) = m(spe”). The expectation (6.23) can be evaluated by the inductive

method used in the proof of Theorem 6.4.2. In particular, we obtain the following.



129

Theorem 6.6.1. Let ugk) =y + 01kt and Z,Ek) = k) 4 doit, K = 0,1,...,n,
with 10 < 0 < . For a function ¢(x), we rewrite the two auwiliary functions
defined in Lemma 6.4.1 as Lq(u,l,z,T;d1,d2) and E;p(u,l,y,T;él,ég) to indicate

their dependence on the two curvatures 1 and do. Then we have

n

E [¢(XT) H 1 (lgk) <Xy < ng),tk <t< tkﬂ)]

k=0

fl fn
= / day - -- / dx,
el €n

k1) . k—1) .
[¢tk—tk_1(xk)£1 <U§k_ Y&y, lt(k_ll) — Zp1, Thy b — te—1; 01 01, 52,1@—1)}

=

X

B
Il

1

X ‘Cg (ug:) - iﬁm lﬁ:) - j:na jna T — tn; 61,717 52,n> ) (624)

where T, = Zle r; with £y = 0, e, = (lg:_l) —:i“k_1> \Y, (lg:) —ik_1>, fr =
<u§ffl) —:%k,1> A (ugj) —a?k,1> for 1 < k < n, and ¢;(x) denotes the density

function of X;.

We omit the proof of Theorem 6.6.1 because it is merely an intermediate step
when we prove Theorem 6.4.2.

Similar to the procedure described in Section 6.5, we can numerically imple-
ment the formula (6.24) using Monte Carlo simulations. We generate n independent
normal random variables xy, k = 1,2,...,n, where x; has mean pu(t; — tx_1) and
variance o%(ty — t,_1) with {y = 0 and compute the integrand in (6.24); then we
repeat this procedure for a large enough number of times and compute the Monte

Carlo estimator and its standard error.
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