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ABSTRACT

Motivated by the Guaranteed Minimum Death Benefits (GMDB) in variable
annuities, we are interested in valuing equity-linked options whose expiry date is
the time of death of the policyholder. Because the time-until-death distribution
can be approximated by linear combinations of exponential distributions or mix-
tures of Erlang distributions, the analysis can be reduced to the case where the
time-until-death distribution is exponential or Erlang.

We present two probability methods to price American options with an ex-
ponential expiry date. Both methods give the same results. An American option
with Erlang expiry date can be seen as an extension of the exponential expiry date
case. We calculate its price as the sum of the price of the corresponding European
option and the early exercise premium. Because the optimal exercise boundary
takes the form of a staircase, the pricing formula is a triple sum. We determine
the optimal exercise boundary recursively by imposing the “smooth pasting” con-
dition. The examples of the put option, the exchange option, and the maximum
option are provided to illustrate how the methods work.

Another issue related to variable annuities is the surrender behavior of the
policyholders. To model this behavior, we suggest using barrier options. We
generalize the reflection principle and use it to derive explicit formulas for outside
barrier options, double barrier options with constant barriers, and double barrier
options with time varying exponential barriers.

Finally, we provide a method to approximate the distribution of the time-
until-death random variable by combinations of exponential distributions or mix-
tures of Erlang distributions. Compared to directly fitting the distributions, my
method has two advantages: 1) It is more robust to the initial guess. 2) It is more

likely to obtain the global minimizer.
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PUBLIC ABSTRACT

Most variable annuities are essentially an equity investment fund embedded
with options or guarantees. These options or guarantees provide the policyholders
downside protection plus some chance of upside gains. To provide the protection,
insurance companies may buy put options. However, due to the uncertainty of the
time of payment, options with a random expiration date need to be considered.

In this thesis, we consider the valuation problem of American options with
exponentially distributed or Erlang distributed expiration date. With such expira-
tion dates, analytic pricing formulas can be obtained. Compared to the European
option, an American option allows its owner to exercise the option at any time
prior to the expiration date. Therefore, we can calculate the price of an American
option as the sum of the price of the corresponding European option and the early
exercise premium. To determine the optimal exercise boundary, we equate the
exercise value with the option price at the exercise boundary.

The surrender behavior of the policyholders is another issue related to vari-
able annuities. If policyholders choose to surrender the contract, they give up
the protection, stop paying fees to the insurance company and receive a surrender
value. Hence, the insurance company may choose to buy up-and-out put options
instead of regular put options to provide the protection, because barrier options
are cheaper. We derive explicit formulas for valuing various barrier options, in-

cluding outside barrier options and double barrier options.
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CHAPTER 1

INTRODUCTION
1.1 Objective of the thesis

The variable annuity was created in 1952 by TIAA (Teachers Insurance and
Annuity Association) as a method of investing for retirement of teachers and
professors. The background to create this financial product was in reaction to
rising inflation and lengthening life expectancies, and a dramatic expansion of
the education sector with the G.I. Bill. Initially, variable annuities were mainly
mutual funds and index funds.

In the 1980’s and 1990’s, volatilities the stock market caused some people
to lose faith in investing in stocks. Insurance companies made variable annuity
products more attractive by offering downside protections with minimum benefit
guarantees called riders. Most riders are one of the following four types: Guar-
anteed Minimum Death Benefit (GMDB), Guaranteed Minimum Income Benefit
(GMIB), Guaranteed Minimum Accumulation Benefit (GMAB), and Guaranteed
Minimum Withdrawal Benefit (GMWB). Most US variable annuity products have
at least one rider, and some popular products have a combination of riders.

These riders are generally embedded options. Since the time of death or
withdrawal is uncertain, options with random expiry dates need to be considered.
A key goal of this thesis is to value options with random expiry dates. Let T'(z)
denote the time-until-death random variable for a life aged x. For ¢ > 0, let S(t)
denote the value of a stock or a fund at time t. We are interested in evaluating

expectations of the form

E[eT@b(S(t), 0 <t < T(x))] (1.1.1)



where the expectation is taken with respect to an appropriate probability distri-
bution, r is a force of interest and b (S (t), 0 <t < T'(z)) is the payoff. Note that
the payoff can be dependent on the history of the stock price up to the time of
death T'(z). Examples of b(S (t), 0 <t < T'(x)) include

Call option: [S(T'(x)) — K],

High water mark : Maximum S(t)
0<t<T(z)

Up-and-out put option: I(l\/ggﬁrjg(g)m S(t) < B) [K—=S (T(v))],

We know that the density function of the positive random variable 7'(z) can be
approximated by combinations (no restriction on the signs of the coefficients) of

exponential density functions,

fri(t) Z%fn Z ajrje !

or by mixtures (positive coefficients only) of Erlang distributions

TiaT
_)\t>\JtJ

fra(t ZBJfY ZBJ (r; — 1)!

Then, under the assumption that T'(z) is independent of the stock price process
{S(t)}, the problem of evaluating the expectations in 1.1.1 can be approximated

by evaluating

Zaj b (S(t), 0< t < 7y)]

where 7; are exponential random variables independent of {S(¢)}, or by evaluating

2B e (S(1), 0 <t <))

where Y; are Erlang random variables independent of {S(¢)}.

Valuing American options with an Erlang distributed expiry date has another



function. We can use the result to approximate the price of an American option
with a fixed expiry date by setting the mean of the Erlang distribution to be the
expiry date and letting the variance to be small.

Another issue related to the pricing riders is policyholder’s behavior. Policy-
holder’s behavior includes policy lapses and surrenders, transfers between invest-
ment funds, and annuitization. I shall mainly discuss the lapse behavior in this
thesis. If policyholders choose to lapse their contracts, they give up the underlying
protection, stop paying fees to the insurer and receive a surrender value. Lapses
can be divided into two types: deterministic and dynamic lapses. Deterministic
lapses are due to unforeseen events in the policyholder’s life and are generally seen
as diversifiable. On the other hand, dynamic lapses result from an investment de-
cision change due to the evolution of markets. Therefore, they are very difficult to
diversify. In general, lapse rates are negatively related to internal rates of return,
such as high guaranteed minimum crediting rates, and positively related to exter-
nal rates of return, such as market interest rates or stock returns. Especially, when
the guarantee is deeply out-of-the-money, the policyholder has a strong incentive
to lapse the contract and choose an alternative investment product. This is simply
because the policyholder is paying high fees for a guarantee that is very unlikely
to be triggered in the future.

Suppose that a policyholder invests in a guaranteed minimum death benefit
(GMDB) product. The product guarantees the following payment to the policy-
holder when he dies,

Max(S(T'(x)), K)

where K is the guaranteed minimum amount. Since

Max(S(T'(z)), K) = S(T(x)) + [K — S(T(x))],

the problem of valuing the guarantee becomes a problem of valuing a K-strike



put option that is exercised at the time of death. Because some of the guarantees
will not be exercised due to lapses, when an actuary prices a guarantee in a
variable annuity, he or she needs to consider these lapses in order to pay less for
the guarantee. To model the surrender and lapse behavior, we assume that the
policyholder will surrender his contract at the first moment the account value hits
a predetermined barrier. If we use Mg(7T'(z)) to denote the running maximum of
the stock price until the time of death, we can buy a basket of barrier options

corresponding to the following formula,
S p I (Ms(T(2) < Liwt) [K — S(T(x))], (L12)

Here, we use L1 < Lo < --- to denote the barriers, and p; is the additional fraction
of policyholders who will surrender when the maximum stock price is larger than
L; and smaller than L;,;. From the above expression, we can see that the total
cost of a basket of up-and-out put options is lower than the price of put options,

since

(K = S(T(@)] =2 pi[K = S(T())], > D pil (Ms(T(x)) < Lisa) [K = S(T(x))],

The closed-form expressions for each of the underlying options in (1.1.2) are avail-
able under the Black-Scholes model. Therefore, the valuation of a GMDB contract
under lapse assumption and the computation of Greeks required for establishing

a dynamic hedging strategy are both straightforward to perform.

1.2 Structure of the thesis

Chapter 2 serves as a brief introduction of some probability and stochastic
processes concepts. Chapters 3-6 form the main part of this thesis.
In Chapter 3, we focus on the valuation problem of barrier options. Barrier

options are useful for risk management of surrender and lapse behavior of poli-



cyholders. Applying the method of Esscher transforms, we calculate the price of
outside barrier options, double barrier options with constant barriers, and double
barrier options with time varying exponential barriers.

In Chapter 4, we consider the valuation problem of American options whose
expiration date is exponentially distributed and independent of the underlying
stock price process. The memory-less property of the exponential distribution
implies that the exercise boundary is flat. We present two alternative probability
methods for deriving the pricing formulas for this kind of American option. The
examples of the put option, the exchange option, and the maximum option are
provided.

In Chapter 5, the expiry date of the option is extended from the exponential
distribution to the Erlang distribution. We calculate the American option price as
the sum of the price of the European option and the early exercise premium. Since
the optimal exercise boundary has a staircase form, the early exercise premium can
be calculated through piece-wise integration. The pricing formula for the American
option with an Frlang distributed expiry date takes the form of a triple sum.
To determine the optimal exercise boundary, we recursively impose the “value
matching” condition for the price of options at the optimal exercise boundary. By
fixing the mean of the Erlang distribution and letting the shape parameter go to
infinity, we can obtain the price of the American option with a fixed expiry date.

In Chapter 6, we numerically approximate the distribution of T'(z), the time-
until-death random variable for a life aged x, by the combinations of exponential
distributions and the mixtures of Erlang distributions. The problem is essentially
an optimization problem. We propose a splitting method to estimate the param-
eters. Through splitting the whole optimization problem into two sub-problems,
linear optimization and nonlinear optimization, the results are robust to the initial
guess of parameters. We also apply the adjustment procedure provided in Lee and

Lin (2010) to identify the shape parameters of Erlang distributions.



1.3 Notation

7  anindependent exponential random variable with density function e

T,,n > 1, an independent Erlang distributed random variable with den-

_ nin—1
PN\

sity function fr, () (=11

{S(t), t >0} a single stock price process, which is modeled as S(t) =
S(0)eX® and
X(t) = pt + oB(t), t>0 (1.3.1)

where B(t) is a standard Brownian motion (Wiener process), and p and o > 0 are
constants.

m(t)  min X(s), running minimum of X(s), s> 0 until time ¢
0<s<t

M (t) max X (s), running maximum of X (s), s> 0 until time ¢
0<s<t

fX @), m (@, y)  discounted joint density function
Ms(t) max S(t) running maximum of the stock process

ms(t) OrgiEtS (t) running minimum of the stock process
_S_

{S(t), t >0} a stock vector price process

I

S(t) = (So(t), S1(t), -+, Sna(t))
For each stock S;(t),

Si(t) = S(0)eX®  i=0,1,2--
{X(t), t >0} an n—dimensional Brownian motion,

X<t) = (Xo(t>7 Xl(t>? Ty Xn—l(t)) )

starting at 0 with a drift vector p

!

M= (MO: M1,y Mn—1)



and a diffusion matrix X

0o ©tt Pp—1000n—1

Pn—1000p—1 *°° 051
nxn

where py, is the correlation coefficient of X(¢) and Xy(t).
first hitting time of one side for stock price Ty = inf {t > O‘S (t)y=U }

first hitting time of two sides for stock price
Ty L = inf{t > 0|S(t) =UorS(t) = L}
first hitting time of two exponential boundaries for stock price
T, , = inf{t > O|S(t) =U(t)orS(t) = L(t)}

first hitting time of one side for the ratio of two stocks

=C

Tratio — inflt >0
< {_ So(t)

S1(t) *}

first hitting time of two sides for the ratio of two stocks

Sa() ~ € 5y() }

T7ehe = inf {t > 0‘
a<0,8>0 two roots of the following quadratic equation
Lo o — 51020 — r ) =0
2 2
a1 <0, 8y >0  two roots of the following quadratic equation

1,59 o?



2

— 521 2
where 0° = o7 + 05 — 2p010,.

as <0, By >0  two roots of the following quadratic equation

2

1
500 + (8 — 61 — %)e — (524 A) =0

2

g2 4 42
where 0° = o7 + 05 — 2po,0,.

a* <0, 5*>0 two roots of the following quadratic equation

1
502x2+ua¢—)\:0



CHAPTER 2

PRELIMINARIES
2.1 Esscher transforms

Esscher transforms is a time-honored technique in actuarial science. It was
first introduced by F. Esscher in 1932. Gerber and Shiu (1994a) extends the con-
cept of Esscher transforms from the case for a single random variable to that for
a Levy process. Let {X(¢)} be a Levy process and h be a real number. The ex-
pectation of g (X (t), 0 <t < T') with respect to the changed probability measure,

indexed by h, is defined as

E [9 (X(t),0<t<T) th(T)}

Blg(X(1),0<t<T): h) = RG]

Esscher transforms have very elegant factorization formulas
E "X Mg (X (), 0 <t <T); b =E [T b x E[g (X (1), 0<t <T); h+ k]

For an n-dimensional Levy process {X (t)} = {(Xl (t), -, Xn(t)),}, and vector
h = (hy, -+, hn)/, k= (ki -, kn)/. The expectation of g (X(t),0<t<T)

with respect to the changed probability measure, indexed by h, is defined as

E [g (X(t),0<t<T) 6<h,X(T)>}

Elg(X(t),0<t<T);h]= E [e(h X(T))]

Correspondingly, the factorization formula can be extended to

E[e®XMg(X(t),0<t <T); b = E[e®XT); b

xE[g(X(t),0<t<T); h+ kK|



Let X(t) = ut + oB(t), t > 0 be a Brownian motion, we have

" E [e(z-i-h)X(t)}
zX(t). _
2 [e ’ h] o E[th(t)]
_ MX(t) (Z -+ h)
Mx @ (h)
2 2t
= exp (z(u + ho?)t + z g >

The above means that under Esscher transform indexed by A, a Brownian motion
with drift © and volatility o is still a Brownian motion with the same volatility o,
but with a changed drift u + ho?. If h = —3—‘;, the drift of X (¢) is changed to its
negative. Therefore, {X(t), ¢ > 0} under Esscher transform indexed by —24 can

be thought as a reflection of {X(¢), ¢ > 0} under the original measure.

2.2 Reflection principle

Theorem 2.2.1. (The reflection principle). Let X(t) be a Brownian motion as
defined in (1.8.1), if p =0, we have

Pr(X(T) <zandM(T) > y| =Pr[X(T) <z —2y|, y > max(z, 0).
(2.2.1)

If 1 is not necessary 0, then

Pr[X(T) < zand M(T) > y] = ™Pr [ X(T) < x — 2y], y > max(zx, 0).
(2.2.2)

where R equals to 2%.
o3

Remark 2.2.1. When p # 0, R = 24 is the non-zero number such that {e*RX(t), t> 0}

is a martingale.

10



2.3 The Poisson process and the Erlang distribution

Consider a Poisson process {N(t)} with rate A\, and denote the time of the
first event by 7. Further, for n > 1, let 7,, denote the elapsed time between the
(n—1)st and the nth event. We know 7,,, n =1, 2, ..., are independent identically
distributed exponential random variables with rate parameter \. If we use T}, to

denote the arrival time of the nth event, it is easily seen that
T.=> 7 n>1 (2.3.1)
i=1

Therefore, T,, has a gamma distribution with parameters n and A. That is, the

probability density function of 7T;, is

L )\ntn—l

fr.(t) = e 1)

The gamma distribution with a positive integer shape parameter is also called the

Erlang distribution. Because of the equivalence of the following two events
T,>t <= N({)<n

the two events have the same probabilities,

P(T,, >t)=P(N(t) <n) (2.3.2)
That is,
/Oo Mg i ds = nz—:l e’”M (2.3.3)
t (n—1)! s J!

which can also be derived by integration by parts. Consequently,

e (AT

P(Ty,>t>Tyq)=P(L, >t) = P(Th1 > t)=e” (n—1)!

(2.3.4)

11



2.4 Feynman—Kac theorem

Theorem 2.4.1. Suppose X (t) satisfies the stochastic differential equation
dX(t) = p(X(t), t)dt + o (X(t), t) dB(t)
Then the function
Trx d
Wz, t) = E|e Jo 5000 (x0(T)) | X(t) = 2
solves the partial differential equation
1
he + p(z, t)h, + 502(:17, hee = 1(x, t)h(z, t) (2.4.1)

with the boundary condition

h(x, T)=g(x).

12



CHAPTER 3
BARRIER OPTION

In this chapter, I will extend the reflection principle to a multivariate geo-
metric Brownian motion using Esscher transforms. This method has been applied
by Jun Yang to study the price of the barrier options and the lookback options.
We first use it to calculate the price of the outside up-and-out barrier option.
Through multiple reflections, the double barrier option could also be valued. At
last, the valuation method of the double barrier option whose boundary is the

time varying exponential function with different rates is provided.

3.1 Literature review

Prior works that have already been devoted to barrier options pricing include
Merton (1973), Reiner and Rubinstein (1991), Heynen and Kat (1994a, 1994b),
Kunitomo and Ikeda (1992), Geman and Yor (1996), Buchen and Konstandatos
(2009). Merton (1973) first provided a closed-form formula for a down and out
call option using the method of differential equations. Following Merton’s pa-
per, Reiner and Rubinstein (1991) used probabilistic methods to develop pricing
formulas for eight types of standard barrier options.The barrier options hedging
problem has been first proposed by Carr and Bowie (1994). They provide a static
hedging method for studying path-dependent options. Later, in Carr, Ellis and
Gupta (1998), they generalize this method to more general exotic options.

Both the method of differential equations and probabilistic methods have
been greatly extended to some complex barrier options. For example, partial time
barrier options, where the barrier is monitored only at the start or end of the life of
the option were priced by Heynen and Kat (1994a), using differential equations.

Another extention Heynen and Kat (1994b) made is to the case of two stocks

13



(outside barrier option), where the payoff function depends on one stock and the
barrier event depends on another stock. Later, Kwok, Wu and Yu (1998) consider
options written on the maximum of several assets.

Working in a slightly different direction, using the probability density func-
tion, Kunitomo and Ikeda (1992) first derived the valuation formulas for double-
knock-out call and put, which is an option with two distinct triggers that define the
fluctuation of an underlying asset. Alternatively, Geman and Yor (1996) derived
an expression for Laplace transformations of the double knock-out call and put
and then numerically inverted these expression to obtain the required price. The
innovation has continued; Buchen and Konstandatos (2009) considered an arbi-
trary double-knock-out barrier option with exponential time varying boundaries.
The method they used was termed as the method of images for the Black-Scholes

equation.

3.2 Generalized reflection principle

In this section, I will extend the reflection principle for Brownian motion to
a multivariate geometric Brownian motion case. Theorem 3.2.1 can be seen as an
application of the reflection principle for multivariate geometric Brownian motion.
In this chapter, we use Ry to denote a non-zero number such that {e‘RoXO(t), t> O}

is a martingale.

Xo(t
Proposition 3.2.1. Let ol?) :t>0p be a two dimensional Brownian
X1(t)

motion. For a given function g (-), we have

E [(6R0x0<t>) ; (_ Xo(t), X (t) - 2p1:)X0(t)>} —Elg(Xo(t), X1(6))] (3.2.1)

14



Proof. By the factorization formula, we have

E {(Q—R()Xo(t)) p (—Xo(t), X (1) — 2,01;1)X0(t)>}
o (3.2.2)

=E [efROXO(t)] xElg <—X0(t)> Xa(t) - 2P101X0(t)> :

Since {e*R(’XO(t), t> O} is a martingale and X,(0) = 0, we have E [e*R(’XO(t)} =1

Also, we have the following relationship

—Xo(t) 10| [ X
Xi(t) = 2p1 2 Xo(t) —2p 1 X (1)
—Ry
Under the Esscher measure indexed by the parameter vector ,
0
—Xo(t
(t) £ 0
Xl(t> — 2,01 %X@(t)
is a two dimensional Brownian motion with the drift vector
-1 0 Ho N oy p10001 —Ry | #o
—2,01% 1 1251 P10001 O'% 0 M1
and the diffusion matrix
—1 0 0(2) pP10001 —1 —2,01;’—(1) ag P10001
—2p1g—(1) 1 P10001 a% 0 1 P10001 0%

Since a normal distribution is only determined by its mean and variance, the

15



distribution of process

—Xo(t
o(t) £ 0
Xi(t) = 2p1 2 Xo(t)
—R,
under the Esscher measure indexed by the parameter vector is same as
0
Xo(t) .
that of the process : t > 0 » under the original measure. Therefore,
X1(t)
01 _RO
B |9 (=Xo(t), Xa(t) =20 X0 (1)) =By (Xo(0), X:(0)].
0 0
Following (3.2.2), we obtain the desired result. O

Using Proposition 3.2.1, 1 will give the poof for Theorem 3.2.1 with two

stocks case. The proof can be easily generated to n stocks.

Theorem 3.2.1. Fort € [0, T| and a given function g (-), define

f (So(t)7 Sl(t)’ Tty Snfl(t% t) =E [9 (SO(T)> Sl(T)’ T Snfl(T))]

Then, for each positive constant B,

E, l(SO(TWO) g (SOZ) S1(T)So(T) 50 - -+, Snl(T)SO(T)_Q””*%ﬂ

= (So(t)~") 1 (sB@s) S1(8)So(t) 70, ) S (£)So(t) t)

Proposition 3.2.2 is the two-stock case of Theorem 3.2.1 and Proposition

3.2.3 is the special case with one stock.
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Proposition 3.2.2. Fort € [0, T| and a given function g (-,-), define

f(So(t), S1(t), 1) = Eq [ (So(T), Si(T))]

Then, for each positive constant B,

e (57)7) o (g S0 )|

= (500 ) £ (5o SO0 5 3.2

Proof. Since So(T), S1(T) can be written as Sy (t)eX0(M=%Xo®) and S, (t)eX1 M =X1(®),

the expectation of

can be written as

—R B
E; [So(t)—Ro (eXO<T>—Xo<t>) ’ g<5b(t)e—(xom—xo<t))’

9y 0L o
S1(t)So(t) """ 70 exp {<X1 (T) = X(1)) = 2p1— (Xo(T) — Xo(t)ﬂ )]
0
Following proposition 3.2.1, the above equals

B o
E; [So(t)ROg (S()(t)e(XO(T)XO(t))’ S1(1)S(t) "2 50 X1 Xl(t)ﬂ

= (So(ty ™) 1 (si» S1(1)So(t) %, t) |

]

Proposition 3.2.3. Fort € [0, T] and a given (payoff) function g (.), if we define
f(S(t),t) =E;[g(S(T))]. Then, for each positive constant B,

<[l 0 (5
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Remark 3.2.1. The result above can also be derived through the Feynman-Kac

Theorem 2.4.1. If we define
h(s, t) =s2f (f, t) ,
we can show that it satisfies the following partial differential equation
he + (1 + ;oﬂ)shs + ;a%%ss =0. (3.2.4)

The derivatives of h(s, t) are
B
hy = s~ R, (S, t> (3.2.5)

hy = —Rs f71f <§ t) — Bs 2 f, (f t) (3.2.6)

hes = R(R+ 1)s F2f (lj t) + BRs B3, (f t)
B(R+2)s 73], (]j t) + B2 R, (f t) (3.2.7)

Substituting the above derivatives into the left-hand side of (3.2.4), we have

s f (B t) (u+; s ( t) —<M+;‘72)BS_R_IJCS (f t)
+somire s (20) + Jomen s 2 (2.4)

1 B
+ §UQBQS_R_2fss <7 t>
S

The above can be simplified as

" (ft () w2 (B 2ot (B) 1 (2 t)) (3.28)
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Since f(S(t),t) = E; [¢(S(T))] is a martingale, f(s, t) satisfies

1 1
ft + (,u + 50’2)st + 50’252fss =0.

Therefore, (3.2.8) equals zero. Also h(s, t) satisfies the terminal condition

=)= (2)

S

Therefore, according to the Feynman-Kac Theorem, we have

50,01 = (5071 (g 1) = (900" ()

3.3 Main results

In this section, we define Mg(T') = Inax, S(t) as the running maximum of the

stock price process and mg(7T) = O%ingS () as the running minimum of the stock
price process. Correspondingly, M (T") without subscript S is defined as Inax, X(t)
and m(T") without subscript S is defined as 0r<nti<1r1TX (). Claim 3.3.1 cons_id;rs the
pricing problem of barrier options whose payof} &epends on the value of two stocks,

the barrier stock being one of them. This can be thought as a slight generalization

of the outside barrier option, which is studied in Heynen and Kat (1994b).

Claim 3.3.1. If the initial stock price Sp(0) is lower than level U, the payoff function
7 (So(T), S1(T)) x [(Mg,(T) < U) (3.3.1)
has the same expectation as that of

™ (So(T), S1(T)) x 1(So(T) < U)

_ (So((]T)>R07T< U , S1(T) (So((]T)>2P1°53> x I(So(T) >U)  (3.3.2)
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Proof. There are two situations over the time interval [0, 7).

a, The barrier U is never hit before time T, then the payoff from (3.3.1) is
m(So(T), S1(T)), which is the same as the payoff from (3.3.2);

b, The barrier U is hit before time 7. At the hitting time, the up-and-out
option becomes void, and hence there is no longer any payoff. We need to show
that the expectation of (3.3.2) taken at the hitting time is also zero.

Consider g(sg, s1) = 7(so, s1) X I(sp < U), and Ty is the first passage time

(hitting time) when Spy(¢) hits the barrier U, which is defined as

TU:inf{tzo

So(t) = U} (3.3.3)

According to the definition in proposition 3.2.2, the expectation of the first term

of (3.3.2) can be written as

f U, Si(Tv), Tv) = Ex, [g(So(T), Si(T))]

and the second term of (3.3.2) can be written as

() s (3) ™)y

According to the definition of g (+,-), the expectation of the above can be written

() o (s s (5) )]

Following proposition 3.2.2, given B = U2, the above equals to

(sO(UTU>>Ro ; (SOZ(];U)’ $4(Th) (sogU>>2f’wZé | TU) |

as

Er

U
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Since at time Ty, So(Ty) equals U, we have

—Ro 9 72p10%
(Sof”) f ( o SuT) (SOfU)> , TU) — F (U, Si(T), To)

The expectation of the second term in (3.3.2) equals to f (U, S1(Tv), Ty), which
is same as the expectation of the first term in (3.3.2). Therefore, the expectation

of (3.3.2) taken at the first passage time Ty is zero. O

Remark 3.3.1. The intuition is that the up-and-out payoff can be replicated by a
“buy /sell-and-hold” strategy, i.e., static hedging instead of dynamic hedging. At
time 0, an investor would long a security corresponding to the first term in (3.3.2),
and short a security corresponding to the second term in (3.3.2). Once the stock
price hits the barrier, the investor shorts the security corresponding to the first
term in (3.3.2), and uses the revenue to buy back security corresponding to the
second term in (3.3.2). Since the result that the expectation of (3.3.2) taken at

the time Ty is zero will be frequently used, we refer to it as Fact 3.3.1.

Fact 3.3.1. If Ty < T, taken at the time Ty, the expectation of

™ (So(T), S1(T)) x 1(So(T) < U)

So(T) —Ro U2 S()(T) —2910%
_< . ) W(SO(T),Sl(T)< ; ) )x](SO(T)>U)

18 zero.

Correspondingly, for one stock case, we have the following fact. We will
use it to prove Claim 3.3.2, which is the price of the double barrier option with

arbitrary payoffs.
Fact 3.3.2. If the stock price S(t) hits the barrier U before expire date T, taken

at the hitting time, the expectation of

7 (S(T)) x I(S(T) < U) — ("WEJT)>_ . ( S[(JT)> CI(S(T)>U)  (3.34)
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18 zero.

Example 3.3.1. (Up-and-Out exchange option) We calculate the price under
risk-neutral measure and assume two stocks do not pay dividends. If S5(0) < U,

the payoff function
(S1(T) = 52(T)) . x I(Ms,(T) < U) (3.3.5)
has the same expectation as that of

(S1(T) = Sao(T)), x I(S2(T) < U)

S(1)) " SyT)\ U U2
_ <U> (51(7’) <U> -5 (T))+ « I <U) (336)

The expectation of the discounted value of

(S1(T) = Sa(T)), x I(Sa(T) < U)

can be calculated straightforwardly by Esscher Transform. It equals

S1(0)NN (dl(ln > 2(50) ), da(In 51(0) ), p)

— S,(0)NN (dg(ln ), dy(In ?(0) ), p> (3.3.7)
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where

Inx + (T — %O’g + ,0120'10'2> T

dile) =~ /T
2
Inx + 1o*T
blw) = —"TF
Inz + (T—F%U%)T
W= T
2

dy(z) = do(z) — >VT

— P1201 2 2 2
p= — and 0° = o7 + 2p120109 + 05

The expectation of the discounted value of the second line in (3.3.6) can be cal-

culated using proposition 3.2.2 and the result in (3.3.7), it equals to

w0 () g (o (24 7)) o
() s (s (o () ))

(3.3.8)

Therefore the price of the up-and-out exchange option equals

S1(0)NN <d1(1n SZ(O)), d(In S;(O))? p>

— S(0)NN <d3 SACYS (0)), p>

5.0 (&( ) ~Ra-2p1 %L . (dl(ln sjoﬂ’dQ (m (sléo) (SQU(0)>1‘2”12Z;)) 7p)
( o)) () (dg(ln&z{m),@ (m(slém (szém)l—?ﬂwi;)) 7p)

Claim 3.3.2. If the initial stock price S(0) is between level U and level L, the
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double knock-out option with constant barrier whose payoff function is
7 (S(T)) x I(Mg(T) < U)I(mg(T) > L) (3.3.9)

has the same expectation as that of

S (5) (Ta) e < <o)

k=—o0

00 Lkz—ls( ) -R 12k {2k
-2 (55 () <1< g <) @3

k=—oc0

Proof. Same as the proof of Claim 3.3.1, two situations are considered over the
time interval [0, 7.

a. The barriers U and L are never hit before time 7', then the payoff from
(3.3.9) is w(S(T")), which is the same as the payoff from (3.3.10).

b. The barriers U or L is hit before time T'. At the hitting time, the double
barrier option becomes void, and hence there is no longer any payoff. We need to
show that the expectation of (3.3.10) taken at the time when the stock price hits

either U or L is zero. Here the first passage (hitting) time is defined as
Ty = inf{t > O‘S(t) =UorS(t) = L}

I will show the case at Ty, 1, the stock price equals U. The case of S(Ty, 1) = L

can be proved similarly . According to Fact 3.3.2, if we define
Lk -R UZkS UZkS
mr(s) = <Uk> T ( o > x I(L < o )

taken at the time when the stock price first hit level U, the expectation of

U2*S(T)

T (S(T))  I(—

<U)
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equals to the expectation of

S(T)\ " U? U2
7)== (sm) * s <V

B S(T)Lk i U2(k+1) U2(k+1)
- < [Th+1 ) T L2+ S(T) X I(L < L2:S(T) <U)

Therefore, the expectation of (3.3.10) taken at the time when the stock price
hits level U is zero. Now we show the expectation of the first sum in (3.3.10)
converges. The convergence of the second sum in (3.3.10) can be shown similarly.
Here, we assume 7(z) is bounded by M when L < x < U. Since (5)75{ > 1, the
convergence of the expectation of the sum from —oo to 0 can be easily shown.
We shall use the ratio test to prove the convergence of the expectation of the sum

from 1 to co. Since when k goes to infinity,

E

—R(k+1) ](L < U2(k+1)S(T) < U):|

[,2(k+1)

—Rk
(&) L < v U)}

L2k

N—

k k
_ <L> =1 Pr (In(gdagr;) < X(T) < In(gdngrg))
U

Pr <1n(%) < X(T) < ln([p%ig(o)))

Both the denominator and the numerator of the above go to zero. To keep the
calculation simple, we assume X(T') = B(T) (u = 0 and ¢ = 1). Applying

L’Hospital’s rule, the above is proportional to

¢ (In(grrsmy)) — ¢ (e
¢ (In(getTsy)) — @ (W)

where ¢(x) is the density function of the standard normal distribution. The result
that the above converges to zero as k goes to infinity can be obtained by algebra.

Therefore, the expectation of the first sum in (3.3.10) converges. m

Combining the Fact 3.3.1 and the proving of Claim 3.3.2, we are able to

calculate the value of the double outside knock-out option with flat bound. We
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give the result without proof.

Claim 3.3.3. If the initial stock price Sy(0) is between level U and level L, double

outside knock-out option with constant barrier whose payoff function is
7 (S1(T), So(T)) x [(Mg,(T) < U)I(mg,(T) > L) (3.3.11)

has the same expectation as that of

i (L)_ROkW (Sl(T) (Lk>_ O : U2kSO(T)) x (L < —U%SO(T) < U)

= \U Uk 1,2k 1,2k
00 kalso (T) —Ro SO (T)Lk—l *2/)10(% U2k
_ k:z_:oo (Uk ™ SI(T) Uk ) LQ(k_l)SO(T)
U2k
x I(L < <U) (3.3.12)

L2=1) 5, (T)

Now we generalize the boundaries of the double barrier option to be timed-
dependent. We assume the upper and lower boundaries have the form U(t) =
UePt and L(t) = Le™, with U > L > 0 and 8 > a > 0. We define the first

passage(hitting) time as
T, , = inf{t > O|S(t) =U(t)or S(t) = L(t)} (3.3.13)

Since at time 7Ty, , the stock price can be either U(Ty, ;) or L(Ty; 1), to distinguish
between two cases, we refer T, as the first hitting time S(7},) = U(T};) and for
all t < Ty, , S(t) # L(t), and refer T} as the first hitting time S(7}) = L(T}) and
for all t < T, , S(t) # U(t). Therefore the first passage TIIJ, ; cither equals to T},

or T;. Similar to Fact 3.3.2, we have the following result.

Fact 3.3.3. If T(/] < T, taken at the time T('J, the expectation of

7 (S(T)) x I(S(T) < U(T)) (3.3.14)
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is same as the expectation of

(%)R g (U(T)2) (0 < ) (33.15)

where R = 2(’255).

Proof. If we define g(s) = 7(s) x I(s < U(T)), according to the definition in
proposition 3.2.3
I (S(Ty), Ty) = Epr (9(S(T)) (3.3.16)

By the factorization formula,
S\ (u@py | Uy
ET5(<U<T>> () =15 <U(T”>
u(T)?

o () ) e (5] <o )

Because of the martingale property,

and

. U(T[’])262/5(T—TU) e—[X(T)—X(T[lJ} _R/ '
S(Ty) 7

Under the changed probability measure indexed by —R’, the drift of the linear
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Brownian motion {X(¢)} is changed from p to pu — @02 = —p + 28. Hence

'\2 28(T—T. ,
E. |g U(Ty)%e /( U)ef[X(T)fX(TU)] R
T S(Ty) 7

N2 2B8(T—T), , ,
~E, (g (U(TU) e U)e[X(T)—X(TU)]—Zﬁ(T—TU)))

v S(Ty)
U(Ty)*
=f < awid
S(Ty) Y
Since S(T};) = U(T};), we get the desired result. O

Now we can calculate the price of a double barrier option with exponential

time varying upper and lower barrier levels.

Claim 3.3.4. If the initial stock price S(0) is between level U and level L, the double

knock-out option with exponential time varying barrier whose payoff function is
m(S) x I (Le™ < S(t) < Ue™, for anyt € (0,T]) (3.3.17)

has the same expectation as that of

"

oo I (k+1) -R [Jk(k—1) gk -R U2kg U2kg
S () (Y ()

00 L R(k+1) Ght1 -R [k(k+1) -R [2(k+1) [2(k+1)
— Z _— —_— T —— | X (L < —— <U)
o\ Uk Lk Sk LS LS

(3.3.18)

where R = 258 and R” = @ To simplify the notation, we use S, U and L

2

to denote S(7T'), U(T') and L(T).

Proof. Similar to the previous proofs, there are two cases over the time interval
[0, 7. If the barrier U(t) and L(t) are never hit before time T, the payoff function
of (3.3.17) is w(S) , which is same as the payoff function in (3.3.18). Conversely, if
either barrier U(t) and L(t) is hit before time 7', the payoff function of (3.3.17) is

0. We need to show at the hitting time, the expectation of (3.3.18) also equals to
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zero. As the proof in Claim 3.3.3, we will show the case when S(T(/]’L) = U(T{LL),
namely, at time T}, the expectation of (3.3.18) equals zero. The case of S(Ty, ) =

L(T, ('] ;), namely, at time T} can be derived using the same method. According to

Fact 3.3.3, if we define

I (k+1) -R [Tk(k=1) gk -R’ 2k g 2k
7Tk(5) = <W) (W) T ( LQk ) X I(L < LQk ),

taken at the time T,'J, the expectation of

Uk s
7y (S) X I(ﬁ <U)

equals to the expectation of

s -R 72 U202
(U) i <S> Mg <)
the above equals to

/

LR(k+1) gh+1\ B/ rrk(kt1) -R’ [J2(k+1) [2(k+1)
U (k+1) L+ Sk L?kS L?*S

which is the term in the second line of (3.3.18). The convergence of the expecta-
tion of each line in (3.3.18) can be proved similarly to the proof in Claim 3.3.2.

Therefore, the expectation of (3.3.18) taken at time 7}, is zero. O

Example 3.3.2. The time-0 price of the call option, which is nullified before its
expiry date whenever the underlying asset price reaches the upper boundary Be®*
or the lower boundary Ae® for any ¢ € (0, T]. The corresponding payoff function
is

(S(T) = K), x I (Le*" < S(t) < Ue™, for anyt € (0,7]) (3.3.19)

Here we assume L < K < U and 0 < a < . According to Claim 3.3.4, it has the
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same expectation as that of

/

1

i (LeaT)k(kJrl) -R (UeﬁT)k(kA) S(T): -R (UeﬁT)Zk S(T)F »
oo \ (UPT) S(T)E (LeaT)* (LeaT) +
W57 2k X
X I(Let u (L)QT;zET) < Ue™) (3.3.20)
_ i (Le“T)k(kH)S(T)"’”rl B (U@BT>’“(’€+1) —R (UefBT)Q(kH)_K
o\ ey (LeT)™ S(T)¥ (LeeT)™ 5(T) )
7\ 2(k+1)
x I(Le™ < <Ueﬂ>k < Ue™) (3.3.21)
(LeaT)™ S(T)

Here we calculate the price under risk-neutral measure and assume the stock does

not pay dividends, therefore y =r —

/

102, Since D < K, (3.3.20) equals

1

o\ (k1) \ TRE o\ (k=1) —kR 7\ 2k
5 (Le 2 (verm)" kS(T) (UeT) i;ET)k—K
r=oo \ (UeT)"S(T) (LeoT) (LeoT)
x (K < () iiT)k < UeT)
(LeoT)

The expectation of the above can

Transform. It equals

ok KR (k=
0" 5 ()
X (N |fi1(h1
] Uk: kR/_(k_
2 (7)
k=—o00
X (N |fi2(hl

with

be calculated straightforwardly by Esscher

L

5(0)

" /
)kR —kR

IR

/! /
)kR —kR

)| - [antn

/1
DR +2 (

U?S(0)
L2k K

" (s

U?S(0)
L2k K

U%:5(0)
L2kUelT

)
)

L

U%:5(0)
L2kUePT




do(z) = dy(z) — oVT

Through algebra calculation, (3.3.21) equals

/ 1

i ( (LeaT) k(k—1) )R ((U@BT) k(k—1) S(T)"f) -R

W \ (UeBT) B0 () (LeoT )

x ( (re) — K) x I(K < (ze?) < UeT)

(UesT)* =1 5(T) (UesT)* =1 5(T)
The expectation of the above equals

00 Ik R"k—R (k-1)+2
rT
50" £ (i)

o x (N ldl (In mﬂ - ldl(ln U%—2§<2§>U ‘fﬁT)D

. Ik R'k—R (k-1)
K -
> (osw)

o x (N ldz(ln m>] - ldmn UQ’“‘2§(2;>U ‘fﬁT)D
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Therefore, the time-0 price of the double exponential barrier call option equals

S0) 3 {(N i it )] ¥ [0n T

k=—o00

s

[k kR —(k—1)R" +2 I kR’ —kR
L%S(O) L%
- (v |asn )] - ¥ 0 )
Ik R"'k—R'(k-1)+2
(ow)
L= U?*5(0) U*S(0)
[k kR —(k—1)R
()
L2k5(0) L2lC
- (g0 [0 s

Ik R'k—R (k-1)
. (Uk—lS@)) }

The result above corresponds to the result in Ikeda and Kuintomo (1992).

"

The essential difference (dy — di, R — R +2,R" — R" 4 2) between the two

sum in the above expression is due to the change of the measure.
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CHAPTER 4

AMERICAN OPTION WITH EXPONENTIAL EXPIRY
DATE

4.1 Introduction

American options can be exercised at any time prior to the expiry date,
whereas FEuropean options can only be exercised at the expiry date. Since the
additional right should not be worthless, we expect American options to be worth
more than their European counterparts. For a standard American call option
without dividends, there is no advantage to exercise it prematurely. Therefore, it
can be valued in the same way as a European call option. However, the majority
of American options are subject to early exercise. An exercise boundary is a time
path of critical stock prices at which early exercise occurs. The optimal exercise
boundary of an American option is not known in advance but has to be determined
as part of the solution to the valuation problem. For general American options,
due to the absence of simple expressions for the optimal exercise boundary, we
have difficulty deriving closed form formulas.

In this chapter we consider the valuation problem of American options whose
expiry dates are exponentially distributed and independent of the underlying stock
price process. The owner of this kind of American options can exercise at any time
up to and including some random expiry date. Since the memory-less property of
the exponential distribution implies the exercise boundary is flat, the analytic pric-
ing formulas for American options with exponentially distributed expiry dates are
obtainable. Carr (1998) used the Black-Scholes PDE method to obtain the pricing
formula of an American put option with an exponentially distributed expiry date.
Motivated by Gerber and Shiu (1994b) and Gerber, Shiu and Yang (2012), I shall

provide two alternative probability methods for deriving the pricing formulas for
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American options with exponentially distributed expiry dates. The first method
calculates the price of American options as the sum of rebate options and barrier
options. The second method decomposes the value of American options into the
sum of the value of European options and the early exercise premium. The struc-
ture of this Chapter is as follows. In section 4.2, I use the American put option as
an example to illustrate how these two probability methods work. In section 4.3,
two methods are generalized to evaluate an exchange option. In section 4.4, the

pricing problem of American maximum options is considered.

4.2 Put option

4.2.1 Two methodologies

We assume under the risk neutral probability measure, the time ¢ stock price

is also modeled as

and

X(t) = (r—5— ;UQ)t LoB(t), 130

where {B(t)} is a standard Brownian motion, and r, §, ¢ are the constant risk-free
interest rate, the continuous dividend rate of the stock and the volatility of the
stock. We also define 7 as an exponential random variable independent of { B(¢)}
with the density function f,(t) = Ae~*. Since the American option holder can
exercise the option at any time during the life of the option, in order to determine
the price of an American put option with a strike price K, we need to choose S

to maximize the following representation
sup E [e TE K — $(Ts AT)]L|, S(0)>S (4.2.1)
y: S

where Ty is defined as the first passage time with respect to the exercise boundary
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Ts = inf{t > O’S(t) = 5}

For the fixed time of expiry date, the optimal exercise boundary is time-
dependent. However, if the expiry date is exponentially distributed, the memory-
less property of the exponential distribution implies that as calendar time elapses,
the option gets no closer to its expiry date, and thus the passage of time has no
effect on its optimal exercise boundary. Therefore, the exercise boundary becomes

flat. If we use S to denote the optimal exercise boundary, we can rewrite (4.2.1)

gl

= / "B le—T(TSA“ [K — S(Ts At)]4|T =
; 5

as an iterated expectation:

E {E le“TsAﬂ [K —S(Ts A7)y

t] f-(t)dt

Because of the independence of the exponential random variable 7 and the stock

price process, the above can be simplified as:

/ “E [eﬂ“(TsM K — S(Ts A AeMdt
/ TSI~ S|I(Ts < t)] Ae Nt

+ / — (SO I(Ts > 1)) Ae

—E [e‘TTi[K — SI(Ts < 7)| +E e [K — (S(7)]4I(T5 > 7)] (4.2.2)

From the above, we can see that the value of an American put with an
exponentially distributed expiration date is the Laplace-Carson transform of a
fixed expiration date option which is the sum of a down-and-out put with barrier
S and rebate K — S, maximized over a barrier. For an American option with a fixed
expiration date, there is normally no closed form formula. However, for some of
these options there are closed formulas for their Laplace-Carson transforms. Hence

there is at least one way to price them numerically by inverting the transform.
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The second approach for determining the price of an American put option
with an exponentially distributed expiry date is motivated by another representa-

tion of the price of American options [a rigorous proof is given in Krylov (1980)]
Ele™ [K — S(7)],] + /T e "E[[Kr—5S#)]I(S(t) < S)]dt (4.2.3)
0

The first term of (4.2.3) represents the value of the usual European put option
while the second term of (4.2.3) represents the early exercise premium. The early
exercise premium can be understood as the compensation paid to the holder when
the early exercise right is forfeited. It can be expressed in terms of the exer-
cise boundary in the form of an integral. The optimal exercise boundary S can
be determined by applying the value matching condition at the optimal exercise
boundary S. This means at the optimal exercise boundary S, the value of the

American put option equals to its exercise value K — S.

4.2.2 Rebate option

We start to evaluate the first part of (4.2.2)
E e "5 [K — S|I(Ts < 7)]

which is an immediate rebate option with the payoff K — S. We will use the mar-
tingale approach to derive the formula. This approach is first developed in Gerber
and Shiu (1994b). We consider the stochastic process {e_”S(t)HI(t <T), t> 0}.
Because of the independence of the exponential random variable 7 and the stock

price process, the martingale condition is equivalent to choosing € such that
1 1
50292 +(r—0— 502)9 —(r+A)=0 (4.2.4)

Let a < 0, 8 > 0 be the two roots of the above quadratic equation. Since we

evaluate the price of the an put option, the initial stock price S(0) > S. Following
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martingale with power «
{eS@)I(t<7),0<t<Ts} (4.2.5)
is bounded. Applying the optional sampling theorem, we have
E e 5S(Ts)"I(Ts < 7)| = S(0)° (4.2.6)

Since S(Tg) = S, the time-0 value of immediate rebate K — S is,

Remark 4.2.1. For the case S(0) < S, the following process (the power of S(t) is

A)
{e7S@) I (t<7),0<t<Ts} (4.2.7)

is a bounded martingale. Applying the optional sampling theorem and the condi-

tion S(Tg) = S, we have

4.2.3 Barrier option

The second part of (4.2.2)
E e 7 [K = (S(7)]. I(Ts > 7)]

is the time-0 value of a down-and-out put option with exponential expiration date.

The valuation problem of this option has been studied in Gerber, Shiu and Yang
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(2012). Here, we give a quick review. Since the following two events are equivalent,

Tg > 7<= OmtlgS( ) > S

The payoff of a down-and-out put option equals

[K — S(r)].I( min S(t) > S) (4.2.8)

0<t<r

Using the notation in 1.3, the price of a down-and-out put option equals to the

expected discounted value of (4.2.8), which is
E e [K = S(0)eX "), 1(S(0)em ) > 5)]. (4.2.9)

To evaluate the above, the key is to calculate so called discounted density function,

which is defined as

Femer(@:9) = [ € o @ )0y < min(a, 0)

where fx(),m@ (2, y) is the joint probability density function of X (¢) and m(t).
We give the detailed calculation of the above in the Appendix. Here, we give the
result directly

Tx ), mn (@, y) = )\2 perPmey, y < min(z, 0). (4.2.10)

where [ and « is defined in the previous section.

Remark 4.2.2. Integrating (4.2.10) over y, we obtain the discounted density func-
tion of X (7).

ke, z <0

fxm (@) = (4.2.11)
ke P, x>0

Where R = m .

»
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Once we know the discounted density function, (4.2.9) equals

A O/\ln(%) ln((L) —px (B—a)y
2 [T D e stoyen, ] -y

152 S
g n(m)

2
Depending on the different values of the initial stock price, the time-0 value of
down-and-out put options with an exponentially distributed expiry date have dif-

ferent representation. If S(0) > K, it equals

Ble™ [K = 5(n)] [(Ts > 7)]

(%) ( aff_@)

K
(- e ) (8) 62

If S <S(0) <K, it equals

Ble™" [K = S(7)], I(Ts > 7)]

A A S0\’ [ kK
_KA+T_S(0)>\+5+< K) (5(5-1))

A1 % S K095 5(0)>a
+ ( I —g B -w@-1  BE-1 ) < 5 (4.2.13)

Remark 4.2.3. Following Gerber, Shiu and Yang (2012), the first part of (4.2.12),

(%)a (ﬂ’gﬂ ) ), is the price of an out-of-the-money European put with exponen-

tially distributed expiry date. Similarly, the price of an out-of-the-money Euro-

pean call with exponentially distributed expiry date equals (%)B ( ﬁ(’gf 1)>. We

use the put-call parity to calculate the price of an in-the-money European put

with exponentially distributed expiry date, which is the second line of the equa-

i -sos s () (3555)

tion (4.2.13).
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Remark 4.2.4. Because of the identity
Knock-out Option = Ordinary Option — Knock-in option

The last line of (4.2.12) and (4.2.13) is the price of the knock-in put option.

Remark 4.2.5. Through (4.2.6), we have

Ele51(Ts < 7)) = (Sé()))o‘

The above implies the price of one dollar payable at the first hitting barrier time

equals (%)a. Because of the following relationships
— 5 =152 _ Y
a+ 3= _(7“1—220) and af = (Tit)
29 29

conditional on the initial stock price equals S, the price of the put option is

Ele™ [K — S(7)], [S(0) = ]
A1 A S P

2 ap 120w -1 BB

Remark 4.2.6. Following Remarks 4.2.4 and 4.2.5, we have the following relation-

ship

Ele™ [K — S(T)]Jr I(Ts < 1)
— Ere (") [K — S(7)), |S(Ts) = 8] x Ele""51(Ts < 7)]

= Bole ™" [K — 8(r)], |S(0) = S] x Ele"$I(T < 7)] (4.2.14)

Intuitively, to calculate the price of the down-and-in option with an exponentially
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distributed expiry date, we first discount the payoff function from the expiry date
to the first hitting barrier time, then discount it to the initial time. The second
equality of (4.2.14) is due to the memoryless property of the exponential distribu-

tion and the strong Markov property of the stock process.

4.2.4 First methodology

According to (4.2.2), the value of an American put with an exponentially
distributed expiry date equals to the sum of the value of an immediate rebate
K — S and a down-and-out put option. We have calculated each of them in the

previous sections. The sum of them equals, if K < S(0)

)
(™ ey e <) (°F)

(4.2.15)
if S < S(0) < K, it equals

Kt -sos (1) (565)

N1 A\ S kI (1-8) gb S(0)\”
+<‘;az_a5K+;az<1—a><ﬁ—1>_ B —1) +K_S> <S>

(4.2.16)

If S(0) < S, we should optimally exercise the option and the value of the American
option equals to its exercise value K — S(0). To determine the optimal exercise
boundary S, we would choose S to maximize (4.2.15) or (4.2.16). That is to choose

S to maximize

A1 A S kK (1= GP S(0)\“
(‘;az —p" TP T—aG-y  pB-p " ‘S> (S)

(4.2.17)
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If =0, the optimal exercise boundary S has an explicit expression

1
r(8—1)\"
on(52)
Otherwise, we need numerically calculate it. If S(0) > S, the time-0 value of an
American put option with an exponentially distributed expiration date is obtained
by substituting the value of S into (4.2.15) or (4.2.16). We set the parameters
0 = 0.01, o = 0.3, »r = 0.05. Figure 4.1 shows the relationship between the
optimal exercise boundary and the strike price. The ratio of the optimal exercise
boundary and the strike price is a fixed positive number. Figure 4.2 shows the
relationship between the optimal exercise boundary and the parameter of the
exponential distribution A. Figure 4.3 and 4.4 graph the value of the American

put option with an exponential expiry date against the stock price.

Figure 4.1: Optimal exercise boundary vs Strike price
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Remark 4.2.7. If A — 0, the optimal critical stock price will converge to K-2-. It

a—1
_r

r+%02 ’

equals to K when the dividend rate equals zero.
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Figure 4.2: Optimal exercise boundary vs A
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4.2.5 Second methodology

The second approach for determining the price of an American put option is
to decompose it into the sum of the value of the European put option and the early

exercise premium. For American put options with an exponentially distributed
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Figure 4.4: American put option vs stock price with K = 80
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expiry date, the early exercise premium has the following integral representation,
KiB| [T 1(8() < S)dt] 08 | ["es@1(s() < | (4219
0 0

An intuitive argument for the above representation is: Before the expiration date,
when the stock price is smaller than an exercise boundary, the option holder should
exercise the option. The option holder will receive [Kr — S(t)d]dt at those times ¢
when the option has been exercised optimally. This is because the option holder
would have earned interest Krdt from the strike price received and lost dividend
S(t)ddt from the short position of the stock if he were to choose to exercise his put
option. In general the exercise boundary should depend on time ¢, but because of

the memory-less property of the exponential distribution, the exercise boundary
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is flat here. (4.2.18) equals

KrE [ /0 Tt < e I(S() < S)dt] _E [ /0 Tt < e S(H)I(S(E) < S)dt}
— KrE { /0 T e (S(1) < S)dt} SR { /0 T e (1)1(S() < S)dt]

_ KAy e I(S(T) < 9)] - g e S(n)I(S(r) < 9)]

A ) \ -
oy sy

The first equality is due to the independence of the expiry time and the stock price
process. The third equality is obtained by writing the expected value as an integral
with respect to the discounted density function of X (7) (4.2.11). Following Gerber,
Shiu and Yang (2012), if S(0) > K, the price of an out-of-the-money European

put with an exponentially distributed expiration date equals

Ele™" [K — S(r)],] = (Sﬁf)y <_Of1K_ a)>

If S(0) < K, we use put-call parity to generate the price of in-the-money case

Ele™ [K — S(7)],] = KMALT - S(O)Aia * (Sf(?)f (6(;[E 1))
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Therefore, the value of an American put option with an exponentially distributed

expiry date equals

%) (=)

O R ()T s TR <8O

ks = SO0 + () (65) (4219
_,_(@)O‘Kgi_%oﬁ(@)a*lﬁ’ it S<S0)<K

K — 5(0) it S(0) <8

To determine S, we need to impose the continuity condition in (4.2.19) at the
optimal exercise boundary S, namely, the option value should be equal to the
exercise value at the optimal exercise boundary S. A financial interpretation of
the necessity of the continuity of the price is provided by Carr, P., Jarrow, R.,
and Myneni, R. (1992). After purchasing the American put option, the investor
would instantaneously exercise the option whenever the stock price falls to the
optimal exercise price and purchase back the option whenever the stock price rises
to the optimal exercise price. We require the high-contact condition in order to
ensure that these transactions are self-financing. Therefore we have the following

equation

A A S\? kK r K 0 K
K — = - K———5— K —
A7 S)\+(5+<K> (5(6—1)>+ A —« ﬁ)\l—a

If the dividend rate equals to zero, the optimal exercise boundary S has an explicit

[

expression which is the same as the result of the first method.
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4.3 Exchange option

In this section, I generalize the above pricing methods to the case of the
American exchange option with an exponentially distributed expiration date. In
the remaining section, we assume the time ¢ stock 7, ¢ = 1,2 price is also modeled

as

Si(t) = S;(0)eXi®), t>0

and

1

where 7, d;, 0; are the constant risk-free interest rate, the continuous dividend rate
of the stock i and the volatility of the stock i, respectively. Here, { By (t), Bas(t)} is a

two dimensional Wiener process with its correlation coefficient corr(By(t), Ba(t)) =

51(0)
52(0)

p. For < ¢*, the value of an American exchange option with exponentially

distributed expiry date can be represented as

Sy (T2 A7) = So(T7e A7) | (4.3.1)

—r ratio T
supE{ (Lo

where T is the first passage (hitting) time, which is defined as

Tratie — inf t>051(t) ¢ (4.3.2)
< (t

55 (1)
= inf{t > O‘S (0)eX1=X2() > g, (0 )}

The definition of T7%%° indicates that the decision to exercise the option depends
on the ratio of two stock prices. If we use ¢* to denote the unknown optimal ratio,

depending on whether the first passage time is earlier than the expiry time or not,
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(4.3.1) is decomposed as the following

E [6—rTcrfti° [Sl (Tg‘*atio) - S, (Tg’*atio)]+](T;atio < 7_)}

+E[e77[Si(7) = Sa(r)] (Teetie > 7)] (4.3.3)

We regard the first part of the above as a rebate option and the second part as a

barrier option.

4.3.1 Perpetual exchange option

To evaluate the first part of (4.3.3), we used the martingale approach which has
been used in Gerber and Shiu (1996a) to evaluate the price of a perpetual exchange

option. The first part of (4.3.3) is
E [e 7 TE 8y (T000) — Sy(Teto)] I(Tee < 7)) (4.3.4)

where T7%%° is defined according to (4.3.2). To evaluate (4.3.4), we consider the
stochastic process {6_”51 )2 So(t) It <7), t > O}. The martingale condition

is equivalent to choosing 6 such that

2 2

%92 + (0y — &) — %)9 — (Ba+A) =0 (4.3.5)

where o = \/cr% + 03 — 2poy0y. Let By > 0 and ay < 0 be the two roots of the
equation (4.3.5). Since the initial ratio of the two stocks is smaller than ¢*, we

consider the martingale

{e81(1)2S,(t) 1t < 7), t > 0}
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Stopping the martingale at the finite stopping time ¢ A T/ and applying the

optional sampling theorem yields

B2
<Sl(0>> 52(0) —E {efrTc’“* Sl (Tcr*atio>52 52 (T;atio)lfBQI(Tg*atio < T)](Tg;atio S t)}
S5(0)

+E [e—”sl ()2 Sy () 20 (t < 7)I(t < Tg‘ft“)}
— ] [e_TT:* Sy (TrabV[(TIet0 < 7)[(Tre40 < t)]

1 e R [Sl ()2 Sa(t) I (t < T)I(t < T;““")}

If TP > t, then S;(t) < ¢*S3(t). Since 5y > 0, we have

Sl(t)>62 ti
I(t < TTeto) < P2
(52(t) ( )

Hence

e E [Sy(t)Sa(t) P I(t < T)I(t < TL)]

is bounded by e "'c¢*#2E [Sy(t)I(t < )], which tends to 0 as ¢ tends to co. There-

fore, as t tends to oo, we have

B2 _ ‘ '
<Sl (0)> SQ (O) — C*BQE [@*TTCT*?“O 52 (Tg*atw)f(T;atw < 7_)}

S2(0)
It follows from the representation of (4.3.4) and the condition % = c*that,
51(0) *
for S;(O) <c

Sl (Tr*atio )

C

S2 (Tg*atio )

, B2
B [err sz Sz <o) = (o) 2 -

(4.3.6)
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4.3.2 Exchange option with a slanted barrier

In this subsection, we consider the pricing problem of an exchange option with a

slanted barrier, which is the second part of (4.3.3). We would like to calculate
E [e77[S1(7) = Sa(n)] [(T3 > 7)] (4.3.7)

The expectation (4.3.7) is equivalent to

Sl<7')

-1 ] Tr*atio
82(7_) ]-‘r ( c > T)

E [6_”32(7-)[

= /0 T e g lsg(t)[gigg — 1 (T > 1)

£ (t)dt

Since
E [52@)[22% LTI > )
_E[S(t)] x E [28 LT > p); (1)
and

E [Sy(t)] = S5(0)elr =02

The expectation (4.3.7) is equal to

, 0
B |e 7 [8)(0)eX10X0 — 8(0)] I(T2 > 7); (438)
1

The above can be thought as the value of an up-and-out call option for asset

S1(0)eX1O=X2() ith strike price Sp(0) and the force of interest dy .

Since

0
Var | X (t) — Xa(t); = 07 4 05 — 2p0109,
1
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which we write as 02, and

0 1
E X]_(t)_XQ(t), :(52—(51—502
1
Following (A.3) in Gerber, Shiu and Yang (2012), if S1(0) < S2(0) , (4.3.8) equals

to

(51(0)>52 ( 292(0) )
S5(0) Bo(f2 — 1)

A A K292(0)1792) (¢*5,(0))°2 [ S,(0) \™*
* <A+6QS2(0) " 0 ca(cn — 1) ><0*52(0)>

(4.3.9)

If1< g;g(o)) < ", (4.3.8) equals to

A A S1(0)\*? [ K2S2(0)
SO, 0 T (&(0)) (am - 1>>

A A K292(0)1792) (¢*5,(0))°2 [ S,(0) \™*
i (A 15,20 = 0 - az(ay — 1) ) (c*52<0>>

=

(4.3.10)

A
where ko = 52— .
2 102(B2—az)

Remark 4.3.1. The first part of (4.3.9) is the price of an out-of-the-money option

to exchange S for S at the exponential distributed expiry date, which means if

S1(0) < 55(0),

B2
E {6_TT[SI(T) - 52(7)]4 - (2&8;) <5:(2§;2§))1)> 34y

Remark 4.3.2. The first line of (4.3.10) is the price of an in-the-money option to
exchange Sy for S; at the exponential distributed expiry date. To evaluate it, we

first calculate the price of an out-of-the-money option to exchange S; for S;. Due
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to the symmetry, if S>(0) < S1(0), we have

sl risio -] - (200 (7450 )

where a; < 0, 81 > 0 are the two roots of the equation (4.3.12), and x; =

D, S
$02(B1—on)
2

0'2 2 o

Applying put-call parity, if S3(0) < S;(0), the price of an in-the-money option to

exchange Sy for S; equals

E [67”[51(7) - 52(7)]4

B A A S>(0)\? [ k1S1(0)
s s (SOV (S0 )

Remark 4.3.3. We have the following relationship for the roots of the equations
(4.3.5) and (4.3.12),

ar+ B =1 B4+ as =1

Following the above, we havex; = ky. Therefore, another representation of the

price of an out-of-the-money option to exchange S; for S, is

Bl s0-501 = (55) (a0ee)

CYQ(O(Q — 1)

4.3.3 First methodology

From (4.3.3), the value of an American exchange option with exponentially dis-
tributed expiry date equals to the sum of the value of a rebate option and a barrier

exchange option. According to the calculation in the previous two subsections, if
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51(0) < S5(0), the value of an American option to exchange Sy for S; at the

exponential distributed expiry date is

(30 Gaey)
* Q2 B2
- (Aiél TN Ji\52 " ajci -1 G 1>> (;éi?g» 52(0)

if 1 < g;gg; < c*, it equals

sl<0>Ai51 - 52<0>A+A52 " @28;) <<m>

AL ac™? . $i1(0) \”
_ (H(SIC E eyl —1>> (0*52@)) 5,(0)

(0)

S1
For the case of 5(0)

> ¢*, the option should be optimally exercised. The exercise
value equals S1(0) — S2(0). To determine the optimal exercise ratio c¢*, we select

c* to maximize the following

AL . $1(0) \*
‘(H&C S e T _1)> <c*52(0)> $5(0)

Taking derivative with respect to ¢* and setting it equal to zero, we have

0232 *— B2 on A B (1 —P1)
D22 DU ey 2 P2 oreaB) 4.3.14
10" Taxe " TarasC (4.3.14)

The value of ¢* can be numerically calculated.

4.3.4 Second methodology

Similar to the put option, the second approach for determining the value
of an American exchange option is to decompose its value into the sum of the
price of a European exchange option and the early exercise premium. The value
of a European exchange option has been studied in (4.3.11) and (4.3.13). We now

calculate the early exercise premium. To compensate the option holders who lose
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the right of early exercise, cash flow [0151(t) — Sa(t)d2)dt should be paid when
the option would have been exercised optimally. The exercise condition is the
following: the ratio of the two stocks is larger than the optimal exercise boundary

c*. Therefore, the early exercise premium has the following representation

(le/OT €_Tt51<t)j(g;g§ > C*>dt - 52E /OT G_TtSQ(t)I(glgg > C*)dt (4315)
The above equals
01| Si(r) _ . 020 | —rr Su(r) _ .
XE [e 51(7)1(52(7_) > )| — XE le SQ(T)](S2(T) > ")

oo 1
- ‘;1 /0 Ae™ME e 7S, (t)] x E 1(28 > ) . ) dt
[e.e] O

- 5; /0 Ae™ME e S,(t)] x E 1(28 > ) 1 dt
0| sir Si(r) - ! 0200 | _gpr Sir) _ .| O
=E e 5 51(0)1(52(7) > c*); . - Ele o 52(0)1(52(7) > c*); 1

If g;gg; < ¢*, the above equals

L510) (;@gj)) 1 2g,00) ( o1{0) )62 2
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Therefore, the formula for the price of an American option to exchange S, for Sy

equals

(20)* (20

i P2 if 91(0)
+21.51(0) (szé?g*) 1_7;1 — %2.5,(0) (S%g)g*) 2 iy if ghg <1

A A S2(0) Pr( ks (0)
S100) 555 — 9200) 555 + (sf(t») (ﬁll(ﬁi—l))

d S1(0) N7k 5 S1(0) B2 : < S1(0) *
+7151(0) (SQEO)C*) 770141 o 7252(0) (SQEO)C*) Fz it 1< S2(0) <c
ek S
S1(0) — S2(0) ifc* < S;Eg;

(4.3.16)
Similar to the case of put option, to determine optimal exercise boundary c*,
which is a ratio of two stocks, we impose the continuity condition in (4.3.16) at
the optimal exercise boundary c¢*, which means the value of American exchange
option equal to its exercise value at the optimal exercise boundary c¢*. We can

numerically solve the following equation for c¢*

c* A A + ! e —l—éc*&—%@—c*—l
A -+ (51 A + 52 C*ﬁ:l 51(51 — 1) A —Q A ﬁg N

The above can be simplified as

o 010 1 5252 c ay
)\—1—61 )\+(52 )\+51a2

which is equivalent to equation (4.3.14).
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4.4 Maximum option

4.4.1 First methodology

In this section, I consider the valuation problem of American maximum
options with exponentially distributed expiry date. Similar to the examples of

American put options and American exchange options, it can also be priced by

S51(0)

two methodologies. For 0 < b* < 50 < c*, the value of an American exchange

option with exponentially distributed expiry date can be represented as

sup E efr(Tg*aéfAT)maX[Sl (T2 A7), So(TEe A 7')]] : (4.4.1)
b 2 o
where T7%0° is defined as
o . 51(t) S1(t) }
Tie =infdt >0 = c'or =0 4.4.2
i = {2 o = o = (a2

Here, it is sufficient to consider 0 < b* < 1 < ¢*. The option holder will exercise
the option if the ratio of two stocks is either higher than ¢* or lower than b*. If we

use ¢* and b* to denote the optimal ratios to make (4.4.1) maximized, depending

on whether the first passage time T;‘f’f,i" is earlier than the expiry date 7 or not,

the first methodology calculates the price of the maximum option as the following

E [ "W max{Sy(T2252), Sa(T2 (T4 < 7)]

+ B [ max[S(7), So(r)I(TF5° > 7)) (4.4.3)
The first expectation of (4.4.3) can be written as,

C

E{erTchv%’?maX[Sl (T252), So(TRpN (T < 7)

Sy(Tresie)

C

S (Trato)
X _[ —_— Y = C* + I # — b*
[ St~ ey~

} (4.4.4)

26



With the definitions

_ ratio . . Sl (Tr*aiio)
= B |e 1wt Sy (Tretio) [(Trotie < ) [(mSl L — o
7 [ 2( c*.b ) ( c*br = ) (52 (Té;(le;ao) )

and

ratio - - S TT‘*at’L;kO
n=F le’"Tc*,b* Sy (TreoV [(Tre%e < 7)1 ( ) b*)]

we can rewrite the (4.4.4) as

. Y
70+77=<c* 1>
n

To determine the expectation v and 7, we apply the similar argument in section

(4.3.1) to the following two martingales
{e781(1)2 S, (8) " 1(t < 7), t > 0}

and

{e781()°2 8 (1) ™I (t < 7), t > 0}

Applying the optional sampling theorem, if b* < 28; < ¢*, we obtain the equa-
tions
Sl(o) 52
S,(0) = ~c*P2 p*bo2
and

(Sl(o)

S9(0) = vc™*? 4+ nb**?
5,2(0)> 2() Y n

whose solution is

" By B2
o N P2 <P (258;) S2(0)
B I (PR B (e

o7



Therefore (4.4.4) equals

-1
* 9 * 9 Sl 0 62
(e[ (@)
oz praz (25 85(0)
The second expectation of (4.4.3)
E [e " max[S1(7), Sa(r)I(TE5 > 7)) (4.4.6)
can be written as
E |7 max[Sy(7), S(7)]]
, Sy (Tresie) Sy (Tretio)
—E e max([Si(7), So(r) (T < 1) [ H(gmiiey =€) + (gt = b
{6 maX[ 1(7—)7 2(7_)] ( c*b* = 7_) (SQ(TJ*GZ%O) ¢ )+ (SZ(TZ*G;Z%‘O) )

(4.4.7)

Motivated by (4.2.14), the second expectation of (4.4.7) can be written as

- ratio 1 Sl (TT*CLti*o)
E ratio T<T TC*,b*) S S 7671) =c
Trssele Sy(0) x5 () Sa (Dl vy = )
ratio . : S (Tr*atio)
—pratic ratio ratio 1\ "eb =c*
X E[e c*,b SQ(TC*,Z* )I(Tc*z* < T)](W =cC )]
— __mratio 1 Sl (Tr*aiio)
E ratio T(T TC*,b*) S S # - b*
+ Tc*’b* [6 52(0) maX[ 1(7-)7 2(7—)] | SQ(TZ»?’Z&O) ]
Si (Tg*%io)

< Ele T Sy () (T < 7)1 (s = V)
c*,b*

o8



Due to the memoryless property of the exponential distribution and the strong

Markov property of the stock process, the above equals

Ele " -2=max[S;(7), Sa(T ]|

55(0)

)
E[e_rTs (O)maX[Sl< 7), S2(7)] SI(O) =]

P (510" 5, (0)
(5)

C*a2 b*a2

(4.4.8)

Substituting the price of European maximum option with exponential distributed

expiry date, (4.4.8) equals

! -1

Y E I I iy R (?iﬁgi)i 52(0) (4.4.9)
b () -y )\ e b (50) %0

To determine the optimal value of ¢* and b*, we need to maximize the following

which is the difference of (4.4.5) and (4.4.9)

-1

co () e 35 ) (e vm ) [ (29)*50)
b (52) + 33 e e (ﬁ;&)” 52(0)

Taking derivative with respect to ¢* and b* and setting them equal to zero, we

obtain
/81(516* b* & A (6] 042(52
— + b = 4.4.10
(>\+51) /\+520é1 )\+52 ( )
and
A By (1N Bady 1 b* B 101
— | = = — 4.4.11
)\+5251(*> +/\+5QC c* /\+61 ( )

The optimal exercise ratio ¢* and b* can be numerically calculated.
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4.4.2 Second methodology

Similar to the case of the put options and the exchange options, the price
of an American maximum option has another representation. The price can be
calculated as the sum of the price of a European maximum option and the early

exercise premium. The early exercise premium for a maximum option equals

S1(t) Si(t)

SE [ es ()] Vit + &E [ e S (0)] b*)dt
B [ eS0T g > et + 6B [ S 01 < b
01 5 Si(7) 1 P s S1(7) 0
=—E e S51(0)[(——= > ¢"); + —E e ?75,(0)] < b*);
\ 1( ) (52(7_) ) 0 A 2( ) <SQ(T) ) .
If the ratio of the two stocks is between b* and c*, b* < g; Egg < ¢*, the above equals
51 51(0) o K1 52 51(0) &2 K9
— - = — 4.4.12
3 10) (SQ(O)C* —ar A 52(0) O ( )

If S1(0) < S5(0), the price of a European maximum option with an exponentially

distributed expiration date equals

E [efTTmaX [S1(7), 52(7')]} =B {eiwmax [S1(7) = Sa(7), OH +E {67”52(7—)}

N (228;)62 <5:(25S22§))1)> +5:(0)5 i52 (4.4.13)

If S5(0) < S1(0), it equals

E [emax [$1(7), Sa(r)]] = B [e T max[Sh(r) = $i(7), 0] + E[e751(7)]
S0\ ( K15:1(0) A
N <51(0)> (51(51 — 1)) " Sl(O))‘ +01 A

When the ratio of the two stocks is lower than b* or higher than ¢*, the option

should be optimally exercised and the option holders will be paid either S(0)

or S1(0). Therefore, we have the following formula for the price of an American
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maximum option with exponentially distributed expiry date

¢ 51(0) *
SQ(O) if 52(0) S b

5100\ [ #255(0) A
(S;(m) (55&53—1)) + SQ(O)W

- az . * S1(0)
+ 9.5,(0) (Sféé())z*) P LT () <7§1(0) ) tas if 0" < g =1

S2(0)\P1 [ k151(0) A
(2F) " (355 + 51(0) 525

s 51(0) \™M & 5 51(0) \*? & i 510 < o
+ 7151(0) (5220)0*) —611 N 725’2(0) (S2E0)b*) 072 i< 50 = €
S1(0) if 3L > ¢

To determine the optimal exercise ratio ¢* and 0*, we impose the continuity con-

dition at ¢* and b* and have the following two equations,

*[2 %] A 571* b:_alﬁ_é@:

and

(M A L hm &l (C*>a2“2:1 141
C </81(/81—1)>+)\—{—51+)\—OK1 )\C* b* OZQ (6)

Through algebra calculation, we can verify equations (4.4.15) and (4.4.16) are
equivalent to (4.4.10) and (4.4.11).

4.5 Appendix

4.5.1 Derivation of (4.2.10)

In Gerber, Shiu and Yang (2012), they provide a derivation for the dis-

counted density function f% ) . (x, y). Here we give an alternative derivation.
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To simplify the derivation, we assume X (¢) has the following density function

1 _ (e—ut)?

€T) = [ 202t
fX(t)( ) 2rto

We first use the reflection principle to derive the joint probability density function

Ixw, mo (T, y)t

o2
Ixw, mew(x, y) = _8y8xPr [(X(t) <x& M(t) > y]
=— o e™Pr [ X (t) < 7 — 2y
- Oyox - 4
0

— —@eRny(t) (Q: — 2y)

0
— ey (R + ay) fX(t) (I — 2y)

Through algebra calculation, the joint probability density function fx ) me) (2, v)

equals

Ixwy,me (@, y) =

2(2y — ) U — %/ﬂt — 7(23,;)2
22 T ex
o3/ 273 P o?

Now we consider the discounted density function of X(7) and M(7), which is

defined as
Txey,um (@, y) = /0 e " fxqw, (@, y) £ (t)dt, y > max(z, 0)  (4.5.2)
'The last equality is because of the exponential shift formula
a az _ az azg — paz 2
e g(2)] = acg(2) + e =-g(z) = e (a+ 1 )g(2) (15.1)

It can also be derived by using the product rule.
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Substituting the joint probability density function fx

M) (7, y) and the density
function of 7 into (4.5.2),

— L2 (2y—z)?
_ —rt 2(2y —x) exp {ux 2 2 AeMdr
V2rt3 02
2\ T o0 W+t (r=X) ) (2y —2) —(2y — x)?
= 2 exp(ME) x . ' T g
o2 exp o2 ) /0 = { o2 o\ 2t3 P 2to?

Because of the identity

2
[e%S) _Ctae ztd f— e a\/Z_C
0 V23
which is the Laplace transform of the probability density function for the first

passage time of a standard Brownian motion at the level a, the discounted joint

density function f% () 1) (x, y) equals

2y — 2+ o(r—2),  2A
f§<(T>,M(T)(fE,y)=eXP(—y x\/22u > r=)

) X — exp
o2 o2 o2

2\

Let p =r — 6 — 302, the above equals

e—az—(B-a)y
o2

DO |

(4.5.4)

where o < 0, 8 > 0 are the two roots of the following quadratic equation

1 1
50202—1—(7"—5—502)6’—(7’—1—/\):0

To derive the discounted joint density function of X (7) and m(7), since



we can use the previous result with M (t) replaced by —m(t) and (r —0— %02) is

to be replaced by — (r —0— 502). The positive and negative roots of the equation

50292—(7’—5—502)9—(7’4—)\):0

equals —a and —f. Therefore the discounted joint density function of X (7) and

m(7) equals
T — A —Ba+(B—a)y ;
Fx@),men (@, Y) T3¢ , y < min(z, 0).

2

Here in (4.5.4), we replace x with —z, y with —y, o with —f and § with —a.
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CHAPTER 5

AMERICAN OPTION WITH ERLANG EXPIRY DATE
5.1 Introduction

In this chapter, the expiry date of the option is extended from the expo-
nential distribution to the Erlang distribution. The Erlang distribution is a two-
parameter distribution, and the exponential can be seen as a special case of the
Erlang distribution. Similar to the exponential case, we calculate the price of
American options with an Erlang distributed expiry date as the sum of the price
of a corresponding European option and the early exercise premium. But the
calculation here is not as simple as the exponential case. The tedious calculation
is mainly due to the form of the optimal exercise boundary. The optimal exercise
boundary for an American option with an Erlang distributed expiry date takes
the form of a staircase. This is because the Erlang distribution with shape pa-
rameter n follows the same distribution as the sum of n independent exponential
distributions, and for the exponential distributed expiry date, the optimal exer-
cise boundary is flat. To determine the optimal exercise boundary, we recursively
impose the “value matching” condition for the price of the option at the optimal
exercise boundary. If we fix the mean of the Erlang distribution, and let n go to
infinity, the Erlang distribution will converge to a fixed point. Following that, the
price of the American option with an Erlang distributed expiry date will converge
to the price of the American option with a fixed date.

The structure of this chapter is as follows. In section 5.2, I derive the dis-
counted density function of X(7},). Section 5.3 considers the valuation problem
of European style options with the Erlang distributed expiry date. Section 5.4
derives the formulas for the price of the American put option whose expiry date is

Erlang distributed. Section 5.4 numerically approximates the price of the Ameri-
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can put option with a fixed expiry date by the price of American put options with
the Erlang distributed expiry date. Section 5.6 includes the valuation of American

exchange options with the Erlang distributed expiry date .

5.2 Discounted density function of X(7,,)

Let {X(t) = ut + oB(t), t > 0}, where B(t) is a standard Brownian motion
(Wiener process), and g and o > 0 are constants. We also assume T, follows
Erlang(n, \) distribution and it is independent of the process {X(t)}. We are
now interested in the distribution of X (7). i.e., we want to find the probability
density function of X (7). One way to calculate the density function fx(r,)(x) is
to integrate the product of the conditional density function of fxr,yz,(« | t) and

the density function fr, () with respect to t. It equals to

Fxcro(@) = [ fxcm @ | 0fr, (@)

Because of the independence of T,, and {X ()}, we have fx 1, (z | 1) = fx ().

Therefore, the above equals

1 _@-up)® AP 1 _
e 20t — " e My

fX(Tn)(x) = /0 /—27T0'2t (n _ 1),

The integration seems difficult. To avoid this difficulty, we would calculate the
moment generating function of X (7},) and then invert it to find fx(z,)(z). The

moment generating function of X (7,,) equals
Mxr,)(t) = E[e™X")] = E[E[e™")|T, ]

Because of the independence of T,, and {X(¢)}, the above equals

)\ n
SeTnL
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where U(t) = put + 3022 Let o < 0 and % > 0 be the roots of the quadratic

equation

1
502x2+u$—)\:0

The moment generating function of X (7},) is

A
(=)t =)

Mx(1,)(t) = ( )"

Thus, the probability density function of X (T;,) is

1 100
fxay(z) = / e Mx(1,)(2)dz

n 271 J—ico
1 i A
— —ZzZT ’I’Ld
2 /,m S T G P

If we define f(z) = e **Mx(r,)(z) and make the substitution z = Re®, we have
f(2)dz = f(Re”)Re?idd

For any x > 0, R > 8* + 1, since

- Z. o 1
]f(Re’H)Rewi] _ ‘efRe %MX(T”)<R€19>R€10Z-| < Cefocos(H) Rn—l(R — ﬁ*)n <(C

1

The moment generating function is
o0
Mx(r,)(t) = / e fx(r,) (z)dx
—o0
By the Fourier inversion formula, the probability density function fx(z,)(z) is

1

T o

fx ) (@) / ™" Mx(r,) (it)dt

Then make the change of variable z = it

1 .
fxr) (@) = g/ e " Mx(r,)(2)d (—iz)

—1i00
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and

li 10 0 - —
dim f(Re”)Re"i =0
according to the dominated convergence theorem, we have

im [ F(Re®)d (Re”) =0

R—o0 9:%

Figure 5.1: Semicircular contour in the right half-plane

We integrate f(z) with respect to the semicircular contour in the right half-

plane (Figure 5.1), because of the Residue Theorem, we have

2w \J-iRr

1 iR -3 , .
( / f(z)dz + / ’ f(ReZ‘))Rewid9> = (—1)Res(f, 8%)
3
where Res(f, 8*) denotes the residual of f at f*. Since when R goes to infinity,
the second part of the above goes to zero. We have for any x > 0,

1 100

fxa(x) = 7/ e " Mxr,)(z)dz = (=1)Res(f, 57)

21 J—ico
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and since [* is a pole of order n, we have

1 A 0 1t o 1 N
- (n— 1)!(?) Zhjg*(&) [e (m) ] (5.2.1)

To evaluate the (n—1)th derivative in (5.2.1), we apply the ezponential shift for-

mula (4.5.1). By induction, we have

Making the substitution m =n — 1, a = —x and g(z) = (2 — a*)~" in the above

formula, we have

(L= (z — )"

s CRr

= (” . 1) () (ke —at)

S (L

Thus, (5.2.1) equals

1 A, geidn—1 not xR —=2—=K) ik
e Z( 3 )(—1) L
= f A SR o U A U O ek Bk, LY S
_(n—l)!(%cﬂ(ﬁ*—a*)) szl<k—1> (n—1)! (8 )
- _ ; ne—ﬁ*x - (2n7:—kl;1) xk—l
~ ) L T e

fx@) (@) = (=1)Res(f, 8*) = (M)neﬂ*x Zni = 15!(%_*k_)a*)n—kxkl
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Similarly, to find fx(r,)(x) for any < 0, we integrate f(z) with respect to

the semicircular contour in the left half-plane (Figure 5.2), we have

Figure 5.2: Semicircular contour in the left half-plane

]_ 100
fxay(x) = -—= / e Mx(r,)(2)dz = Res(f, a)

211 —100

and

Res(f, ) = gy ()" i (e (2

z—a* e 5*)

Therefore,

fx@y(x) = Res(f, a*) = (+>ne_w z”: (Zn;fgl) e
X (Tn) %02(5* _ a*) —~ (k: _ 1)!(5* _ a*)”—k

We summarize the above as the following Proposition.

Proposition 5.2.1. Let {X(t)} be a Brownian motion with drift parameter p and

diffusion parameter o*, and T, be an Erlang(\, n) random variable independent

of {X(t)}. The density function of X (T,) is

n— k 1
Ke —ax E =) '( )) ( l’)k_l, <0

Cn
)
(2n k— 1)
G

e_B:CZ(klu( )nkxk17 x>0

Fxe () =

where K* = 52—, and a* < 0 and * > 0 are the roots of the quadratic

502(5*,(1*);

70



equation

1
50’%2 + puxr — A= 0.

Now we are interested in the discounted density function, which is defined

as

T (x) = /Ooo e " fx (@) fr, (t)dt.

The discounted density function is useful when we calculate the price of options.
Lemma 5.2.1 is a factorization formula, and Lemma 5.2.2 can be thought as a

generalization of Proposition 5.2.1.

Lemma 5.2.1. Let {X(t)} be a Brownian motion with drift parameter p and

2

diffusion parameter o*, and T, be an Erlang(\, n) random variable independent

of {X(t)}. For a given function h(x), we have the following identity
E[e7™h (X(T,)] = E [e ] B [0 (X(T3))] (5.2.2)

where the asterisk signifies that there is a change of probability measure such that

T, follows the distribution Erlang(A+r, n).

Proof. We start with the left hand side of (5.2.2)

E[e T h(X(T)] = [~ e h (X0) fr, ()t

— /OOO e ""h (X (1)) 0 A_nl)!e—”t”—ldt
X > (A+7)" (et
_ (Hr)n/o hXWO) e Ovtntgn=1 gy

= E e B [h (X(T,))]

[]

As an application of Lemma 5.2.1, the quantity of the discounted density

function is given in Lemma 5.2.2.
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Lemma 5.2.2. Let {X(t)} be a Brownian motion with drift parameter p and

2

diffusion parameter o*, and T, be an Erlang(\, n) random variable independent

of {X(t)}. The discounted density function equals

<2n k— 1) b1

n 70[1 n—k —

) B Z T (), 2 <0

fX(Tn)(x) - 5 n (2n . 1) -

K€ kgl W"E s x>0

where k = wgw L and a < 0 and 8 > 0 are the roots of the quadratic equation
1
502952 + pr — (A +71) =0. (5.2.3)

The above formula is the formula (2.36) in Gerber, Shiu and Yang (2012),

which was not derived by the method of complex variables.

5.3 European style options

To consider the pricing problem, we need to do the calculation under risk
neutral measure. We consider the drift parameter p equals to r — § — %O’Z, which
means X (t) = (r — & — 30°)t + 0B(t), t > 0. Similar to the previous chapters,
the time ¢ stock price is also modeled as S(t) = S(0)eX ¢ > 0. The following

lemma is useful to derive the price of an out-of-money European put option.

Lemma 5.3.1. Let T, be an Erlang(n, \) random variable independent of the
stock price process and L < S(0). For each m > «, the price of the out-of-the-

money all-or-nothing put option equals

E[e7 ™ [S(T)"I(S(T,) < L)

S(0) —a)" = i! = (B—a) [
where Kk = 102(’237(1), and o and 3 are the roots of the quadratic equation (5.2.3)
2
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Proof. The expectation of e="™[S(T,,)]™I(S(T;) < L) is the double integration,

with respect to x and ¢, of
e "'[S(0)e"]™1(S(0)e” < L) fx(@) fr,(t)

By defining the discounted density function

[y (@) = /OOO e fx () fr,(t)dt

the expectation of e [S(T,,)]™I(S(T;) < L) equals

[ IS IS0)¢ < L) f (@)da

—00

Substituting the discounted density function with the form we derived in the last

section, the above equals

u/huﬂm[s(okfynm”e_wrﬁé ) (o) de

—00 j=1 (=B - 04>nij
(Qn—j—l) o
— 5(0)™ nz n—j . / e~ M=)z i1,
(=D B=a) 7 s

Multiplying and dividing (m — «)", the above equals

N G
o G-

m— a)" - e~ (M= (1 — o)l g
ln@

Because of the identity (2.3.2), we have the following

J*

—
-
|
Q
SN~—
—
=

‘ %)
=

(=]

=
~—
S

/m& e~ M=T(m _ o) i e = (j — 1)lel@
L 1=0
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Therefore, the expectation of e [S(T,)]™I(S(T;) < L) equals

B pla—m)n =
(m —a)" 25 (= 1)1 (3 a)”’]( )" (G =1)! > p
SO\ e o (e (- a)nB0Y
=50) <(L)> o — a7 2 </§— a>n)—ﬂ< RIS ( i |

a—m n—1+1 _
n (800) e () X
s (30" () s
Interchanging the order of sum, the above equals

A VR N R o ((m—a)ln‘gg}))in—pl ("—1+l)
5(0) (sw)) R —

(]

The formula for the value of an out-of-the-money put option is given in

Corollary 5.3.1 below.

Corollary 5.3.1. If S(0) > K, The value of an out-of-the-money European put

option,

Ele™[K — S(T,,)]4]5(0) > K]
_ K\ “ k™ (—alnw)i n—i—1 (n—1+l> l
_K<S(0)> (—a)" ; il > (ﬁ—a)l<_a)

e n ol 1—aln%i"ﬂ'*1 "_ZHZ
s (o) (0o m3) g ()

S(0) I —a)" = 7! = (B—a)
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Proof. The expectation of e »[K — S(T,,)], can be written as

Ele ™™ KI(S(T,) < K)] — Ele "™ S(T,)I(S(T}) < K)]

= KE[e ™™ [S(T,)]°1(S(T},) < K)] — E[e ™™ S(T,)I(S(T,) < K)]

If S(0) > K, according to Lemma 5.3.1, we have

K\ % v 2 (—aln%) n—i—1 (n—ll+l> z
K <5(0)> (—a)" ;) il g = a)l(_a)
KA\ g onml((1- a)m% Y op—ie1 nfllJrl
510 <S(O)> (1—a)" g ( il ) g ((ﬁ — 031(1 — )

for the case of that the dividend rate § equals to zero, we have

- =¢qR and - =g

1—a

The value of an out-of-the-money put option is

K <S(O)>a GRS ()" 2oy 5 (n “1+ z)pm

K

which is formula (43) in Carr (1998).

Lemma 5.3.2. Let T, be an Erlang(n, \) random variable independent of the
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stock price process. If S(0) < H, it can be shown that the price of out-of-the-

money all-or-nothing call option equals

E [e ™ [S(T,)™1(S(Ty) > H)]

= S(0)™ <S(O)>ﬁm ( K" "z_:l ((5 — mﬂnsw))l "‘ifl (6—m)l<n -1+ l)

H

where k, a and 8 are defined in Lemma 5.5.1.

Proof. Same as the proof in Lemma 5.3.1, the expectation of

e "M S(T)M(S(T,) > H)

- e
ngty o - DB — )

n (271—]'—1) o ‘
_ (O>mﬁn . n—j ' / e(m—ﬂ)xxj—ldx
jzl (J = DUB — )T S

om0 wi [ mepye wa
= S(O> ( — m)” jzl (] — 1)'(6 — Oz)”_j (6 - m) J /lns?o) e (ﬁ - m>]xj Ldx

/ B8 — )i dg = (j — 1)letmPinsty §Y A T PTSO)
In 5> = 2!

Therefore, the expectation of e~ [S(T,)|™I(S(T;) > H) equals
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If we define n — j = [, the above equals to

Corollary 5.3.2. If S(0) < K, The value of an out-of-the-money European call

option 1s

S(O)>B_1 T ((5 - 1)1n%>2 n—i—1 (n—ll—H) l
=9 i
(0)< K ) G g >
S0)\* kit (Blngs) ma ()
- <K> g ; i ; (B — oz)lﬁ (5.3.2)
Proof. The proof is similar as Corollary 5.3.1. -

Remark 5.3.2. For the case of that the dividend rate § equals to zero, we have

S(0) (éﬁ?)ﬁlﬁﬂg W"fl (n —1+ l) e

K

K <S(O>>B (pR)n§ (lnf‘fm)(m N (” - zl + l) pav

which is same as formula (44) in Carr (1998).
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5.4 American put option

In this section, I shall derive the formula for the price of an American put
option whose expiry date is Erlang distributed. We first provide following lemmas
which are useful to calculate the price of an American put option. Here, we define

T,, n > 1 according to (2.3.1), and they are independent of the stock price process.

Lemma 5.4.1. For non-negative functions g(x), we have the following identity

B[ e g(S0)df] = {Ble M g(S(T)] (5.4.1)

Ty—1

Proof. We start from left-hand side of (5.4.1)

E[/T’“ oSO = B[ 1Ty <t < T)e "g(S(0)]

Tk

Since I(Ty—1 <t < Ty)e "g(S(t)) is non-negative, we could interchange the order

of integration and expectation, the right-hand side of the above equals
/ E[[(T_, <t < Ty)e " g(S(t))]dt (5.4.2)
0

Because of the independence of T;,, n > 1 and the stock price process and (2.3.4),

(5.4.2) equals

[Te () Eleg(S(1))dr

— 5 e Bl (s ar

— At ARtk —

F(k)l is the density function of Erlang(k, A) distribution, the above

Since e

could be written as

CEfe g (S(Ti)]

which is the right-hand side of (5.4.1). O
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Lemma 5.4.2. The price of the payoff []" e "*S(t)ddt equals
Tn
E { / e‘”S(t)édt} = 8(0) = E{e """ S(T,) } (5.4.3)
0
Proof. we can rewrite the left-hand side of (5.4.3) as an iterated expectation

E { /0 " e‘”S(t)cht} —E [E { /0 " e‘”S(t)cht} |Tn]

Because of the independence of T;, and the stock price process, the right-hand side

/OOO E [/Ot e "S(u)ddu

where fr, (t) is the density function of T,,. According to the Fundamental Theorem

of the above equals

fr, ()dt (5.4.4)

Asset Pricing,

E [/Ot e‘”‘S(u)édu] =5(0) - E {S(t)e_”}

Therefore (5.4.4) equals

/O T (S(0) ~E[S(e ) fr, ()t

= 8(0) = E{e”"S(T,)}

]

Now, we are ready to calculate the value of an American put option whose
expiry date is Erlang distributed. Similar to the exponential case, an American
put option with Erlang distributed expiry date can be calculated as the sum of the
price of a European put option and the early exercise premium. If we assume the
expiry date T,, follows Erlang(n, \), the early exercise premium can be represented
as

Tn
E l/ e "H(Kr —5S()I(S(t) < S,)dt (5.4.5)
0
Here S, is the optimal exercise boundary. In the exponential case, the optimal
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exercise boundary S, is flat. Since an Erlang(n, A) distribution can be viewed as
the sum of the n exponential distributions, i.e. T,, = > ; 7;, where 7;,, n = 1,2, ...
, are independent and identically distributed exponential random variables with
rate parameter A\, the optimal exercise boundary takes the form of a piece wise

constant. We assume

is the optimal exercise boundary in each sub-period. Then, if the initial stock
price is larger than exercise boundary S,,, the price of an American put option

can be represented as the expectation of

e K — S(T,)]4 + Z / "EKr — S)SI(S(t) < Spiq_y)dt] (5.4.6)

Th—1

The first term of (5.4.6) can be written as
e K = S(T))y = e " [S(T,) — Ky + e [K — S(T5,)]

by put-call parity. Because of I(S(t) < Spy1-x) = 1 —I1(S(t) > S,41_1), the

second term of (5.4.6) can be written as

n Ty

ST e Rr = SOAI(S(E) < Spr i)

lekl

- Z /T e " [Kr — S(t)d1I(S(t) < Spyr1-p)dt]

n Z / e KT — S(6)6](1 — I(S(t) > S,uyp))dd]

k=m+1 Y Tk—1
Also, we can see that the expectation of

n

S ([ e s

k=m+1 7 Th—1
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is the same as that of?
—rTy —rTm
—¢ [K - S(Tn)] te [K - S(Tm)]
Therefore, the price of an American put option equals to the expectation of

e T [S(T,) — Ko + ¢ [K — S(T,,)]

+ i l/Tjkl e "[Kr — S(t)d]I(S(t) < Sn+1_k)dt]

_ Eﬁ: [/:% erq;(r-—AS(tyﬂI(S(t):>A9n+1k)d%} (5.4.8)

Theorem 5.4.1. The price of the American put equals

PH(S(0) + 3 bi(S(0) S(0) > K
(S(0)+0SO) + X n(50) = E awlS0)  SO) € (S Si

(5.4.9)

where p"(S(0)) is defined as (5.3.1) which is the price of an out-of-the-money

2

E{ 3 [/Tk e‘”[Kr—S(t)é}dt]}

k=m+1

Trn
. {/Tm e K — S(t)cS]dt}
Tn Ty,
_E {/T ¢ Krdt} B {/Tm c smw} (5.4.7)

The first integral on the right hand side of (5.4.7)

T,
/ e T Krdt = —K[e T — 7" Tm]
T

According to Lemma 5.4.2, the last expectation in (5.4.7) is

E {/T e—rts(t)édt} =E{e7"S(T)} — E{e " S(T0)}

Tm
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European put option, ¢*(S(0)) is defined as (5.3.2) which is the price of an out-

of-the-money European call option , bi(S(0)) is defined as

which can be interpreted as the present value of the cash flow received for the kth

period if the initial price S(0) is larger than S, 1_y, ax(S(0)) is defined as

ax(s) =
Kr ( s )ﬂ K+ kf P (nfez= )’ ’f‘f g (k —1+ z)
A\ Sny1k/) B* =0 J! = B-a) !
) 5S< . )ﬁ—l o kf (nZ=e=t) (5 — 1) ’“—fl (8- 1) (k:—1+l>
A §n+1fk (ﬁ - 1)k §=0 J! 1=0 (6 - a)l !

which can be interpreted as the present value of the cash flow paid for the kth

period if the initial price S(0) is smaller than S, 1_;, and v}'(S(0)) is defined as

. A n—i+1 A n—i+1
VI(S(0) = K (AH) —5(0) <M>

which equals to price of the payoff K — S(Ty—i+1)-

Proof. Recall we have the inequality

For the case when S(0) > K, we use Corollary 5.3.1 to calculate the expectation
of the first term of (5.4.6), which is the price of an out-of-the-money put option.

The expectation of the second term of (5.4.6) can be calculated using Lemma 5.4.1
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and Lemma 5.3.1. According to Lemma 5.4.1.

E [ /T etk — SOAI(S() < snﬂ_,ﬁ)dt]

equals

SB [e T K — S(TI(S(TE) < S,p0)]

The above equals to

ﬁ (Sn+1—k>_a kP ki:l <lnsi((1))k) (—a) kg (—a)! <k -1+ l)
A\ S(0) (—a)kF = J! = (B—a) !
_ 95(0) (Sn+1_k>” K ’§ (lnsi(ol)_k) (1-a) ’“‘fl (1-a) (k 14 z)
A S(0) (1—a)k s 4! = (B—a) l

Since (5.4.8) can be written as

e S(Th) — Ky + e K = S(T)]

3

k=1

/Tk e Kr — St)8)I(S(t) < S, i1)

Tk-1

X [1(5(0) < Sny1-p) +1(5(0) > i)l dt]

n

> [ [ et = SaIS) > S )

k=m+1 -1

X [[(S(O) < ﬁn—i—l—k) + I(S(O) > §n+1—k’)] dt] (5.4.10)

For the case of S(0) € (S;, S;_1], we choose m =n — i+ 1. We can use Corollary
5.3.2 to derive the first term of (5.4.10), which is the price of an out-of-the-
money call option. Similarly to the calculation of the second term of (5.4.6), the
expectation of the second line of (5.4.10) can be derived with Lemma 5.4.1 and
Lemma 5.3.1, and the third line of (5.4.10) can be derived with Lemma 5.4.1 and

Lemma 5.3.2. The second part of the (5.4.10) can be calculated by the law of
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iterated expectations,

E [e_rTn o [K S( n— z-l—l)]]

=E{E [ [K = S(Thin)]] [Tumi1 }

- E {KG—T‘Tnfu»l _ S(O)e_éT”*i“}

)\ n—i+1 )\ n—i+1
_K<)\—|—r> _S(O)<>\+6>

For the case of S(0) < S,,, we need to exercise the American option immediately,

so the value of the American option equals to the exercise value. O

The optimal exercise boundary can be determined by imposing the “smooth
pasting” condition at the optimal exercise boundary. Continuity at the optimal

exercise price for each m =1, 2, 3... n implies
K-S, =c(S,)+uvn(S,) +b(S Zak (5.4.11)

We can solve §,, in the above equation recursively.

Remark 5.4.1. The formula (26) for the American put option with the Erlang

distributed expiry date in Carr (1998) is

PH(S() + 3 bi(S(0)) S(0) > K

n—i+1 n—i+1

FSO)+" X b(SO) + X a(S0)  5(0) € (5. 5]

K — S(0) S0) <S8

n

Compared to the result we obtain, the above implies
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Remark 5.4.2. Since the exponential distribution can be thought as a special case
of the Erlang distribution with the shape parameter equal to 1, the pricing formula

(5.4.9) with n = 1 is same to the formula (4.2.19).

5.5 Numerical results

If we fix An = T and increase the value of n, the Erlang(n, \) distributed
expiration date will converge to a fixed point 7. As a result, (5.4.9) will converge
to the price of an American option with fixed expiration date T. However, with a
large n, the calculation in (5.4.9) will not be efficient. Similarly to Carr (1998), we
use Richardson extrapolation to improve computational efficiency. Here we use an
example to illustrate how Richardson extrapolation works. We use y(T, n) and
9(T, n) to denote the accurate and approximate value of an American put option
whose expiration date is Erlang(n, %) distributed. Substituting n by i, we could
define the function P(T, A) as y(T, 1) and P(T, A) as §(T, %). Since a large
n implies a small A, We could approximate P(T, A) by its Taylor expansion at
A=0:

P(T, A) ~ (T, 0) + P'(T, 0)A + ;ﬁ”(T, 0)A2

Substituting in A =1, A = %, and A = % leads to three equations in the three
unknowns IS(T, 0), P (T, 0), and P (T, 0). Inverting the system implies that the

three-point extrapolation is given by

. 1 1. 9 1
P(T. 0) = 5P(T. 1) = 4P(T, 5) + 5 P(T, 3)

From Marchuk and Shaidurov (1983, p. 24), an N—point Richardson extrapo-
lation PN (T, 0) is the following weighted average of N values of American put

options with FErlang distributed expiration dates:

PE0) = 3 e PO )
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An N—point Richardson extrapolation for the optimal exercise boundary at time

t can be obtained by the following sum:

80 =3 ST =)

n=1

where S,,(T — t) is the optimal exercise boundary determined by (5.4.11). Figure
5.3 shows the prices of American and Furopean put options for different initial
stock prices with five-point Richardson extrapolation. The parameters are the
following: K =80, 0 = 0.3, r = 0.1, T'= 1. Figure 5.4 shows the optimal exercise

boundary with five-point Richardson extrapolation.

Figure 5.3: Price of American put option
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Figure 5.4: Optimal exercise boundary for American put option
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5.6 American exchange option

In this section, I shall calculate the price of an American exchange option
whose expiry date is FErlang distributed. Similar to the exponential case, the
decision to exercise an option depends on the ratio of the two stock prices. We
calculate the price of this option as the sum of the European style option and the

early exercise premium. The early exercise premium can be represented as

> ¢,)dt

E VOT e (8190 (1) — 5252@))1(28

Here ¢, is the optimal exercise boundary. Namely, an American exchange option
should be optimally exercised when the price ratio of two stocks is larger than
the optimal exercise boundary. Similarly to the put options which we discussed
in last section , the optimal exercise boundary for an American exchange option

takes the form of a piece wise constant . We assume

is the optimal exercise boundary in each sub-period. Then, if the initial ratio of
two stock prices is smaller than exercise boundary ¢,,, the expectation of the early

exercise premium can be represented as

Si(t)

> U e B810) - 850 1(

T . Sg(t> > Cn+1—k)dt]

The above equals to

/Tk et (01.51(t) — 02.55(t)) [(Sl(t; > ¢y p)dt

> So(t
. ké:;l l /Ti e (6150 () — 0255(1)) <1 — I(igg < Cn+1k)> dt]
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Also, we can see the expectation of

n

> [ i) - 80

k=m+1 Tho—1

is the same as that of?
e [S1(Ton) — Sa(Tn)] + €771 [So(T) — Si(T;)]
According to put-call parity, we have

[91(T5) = Sa(Ta)l+ + [92(To) = S1(Tn)] = [S2(Th) — Su(T)]+

Therefore, the price of an American exchange option equals to the expectation of

e[Sy (Ty) — Si(T)]y + € " [S1(Thn) — So(Tin)]

+Z [ /T RGEOR 5252@))1(28 >cn+1k>dt]
_ i l/;:: e (0151(t) — 0255(t)) [(g;g; < cn+1_k)dt1 (5.6.2)

n T
E [ 67”(5151(75) — 5252(t))dt]}
T

_B {/T (6151 (1) — 6252(t))dt}
Tn Th
_E {/ ¢ 5lSl(t)dt} _E {/;F ¢ 5252(t)dt} (5.6.1)

According to Lemma 5.4.2, , we have

T

E{/Tne—”élsl(t)dt} E{e S (Tn)} —E{e """ 51(T,)}

Tn
E{/ e_’"tégSg(t)dt} E{e "S5 (Tm)} —E{e " S8(T,)}

T’VTI,
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Before we calculate the price of an American exchange option with an FErlang

distributed expiration date, we provide the following Lemmas.

Lemma 5.6.1. If 51O~ 1, we have the following identity

50
D [ /T T e~ (5,9 (t) —5252@))1(2%2 > h)dt] = a, (51(0), 5(0))  (5.6.3)
and
ax(s1, 52) =

51;51 <sllész>al( g 1>j§1!n51782) kil ) </<;—l1+l>

- (—oa + 1)
N h
_32752 <81/82>ﬂ 2 kzlﬂg <1n'6’1/82) kil l<k_1+l> (5.6.4)
A h 62 =0 j' =0 62 — 062) )

where 51 > 0, oy < 0 are the roots of the quadratic equation (4.5.12) and Py >

0, ag < 0 are the roots of the quadratic equation (4.3.5) .

Proof. The left-hand side of (5.6.3) can be calculated using Lemma 5.4.1

E VT?I e (0,9, (t) — 5252@))[(28 > h)dt

S1(Tk)
SQ(Tk)

1

= JE leer(alsl(Tk) — 0255 (Ti) ) I (

> h)

89



The above equals to

s ronteesiol st
2 [T R[] < B |1 (gg = (1) !
_ (iiE _ 175G, (0) (glgg > h); (1) -
selemsondBon
To calculate the above, we use Lemma 5.3.2 for the asset 51% eX1()=X2(t) ynder

the different measures and the discount rates. If 237(0) < h, the above equals

ar (51(0), S2(0)) where ax(s1, s2) is defined as (5.6.4). O

Similarly to the Lemma 5.6.1, we have Lemma 5.6.2 for the reverse inequality.

The proof is similar to the proof of Lemma 5.6.1.

Lemma 5.6.2. If glgg) > [, we have the following identity

E VT?I e " (6151 (¢) —&Sﬂt))l(%% < Z)dt] = by, (51(0), S5(0))  (5.6.5)

and
bk(sh 82)
_5( / )M’fi(l nf) A g (k—m)
A 81/32 {C =0 J! =0 (51 - 041) [
- % ( I >a2 Hg Z (lns1{82) ( OZQ)J k’zj:l (—Oég)l (l{i— 1 +l>
A \s1/59 (—a2)* = J! = (B2 — ag)! l

Lemma 5.6.3 and Lemma 5.6.4 calculate the price of an out-of-the-money

European exchange option whose expiry date is Erlang distributed.
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Lemma 5.6.3. If

g;gg; > 1, the price of an out-of-the-money European exchange

option Sy for S equals

where
B1—1 n n—1 (6 _1)1 % in,Z,l n—1+1
351 52) =52 (2) (51*31)”;( L ) > (élicfyw 1y
s (p0) et ()
s (2) FE T X G (5.6.6)

Proof. The price of an out-of-the-money European exchange option Sy for S

equals

Si(T,)
) 1
—FE e—élTnSI(())[SQ(t) — 1]+; 1
Si(t) 0

If g;gg; > 1, the above is the price of an out-of-the-money European call option for

S2(0) _ Xo(t)—X1(¢
asset %(0)6 2(8)=Xa (

) under the different measure and the discount rate 6;. Using
Lemma 5.3.2, the above equals to €5(S1(0) S2(0)), where ef(s; s2) is defined as

(5.6.6). 0

Similar to the calculation of the exchange option S, for Sy, the price of an
out-of-the-money European exchange option S; for Sy is given in Lemma 5.6.4.

The proof is similar as the proof of Lemma 5.6.3.

Lemma 5.6.4. If

?EO; < 1, the price of an out-of-the-money FEuropean exchange

(0
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option Sy for S equals
B e ™ [S1(Th) = Sa(T0)]+] = ¢§(51(0) S2(0))

where

B2—1 K n—1((3 _1)1 2\ n_i_1 (n— 1+z
6?(81, 82) =81 (2) (ﬁ2 - 1 - ; ( 2 } nee ) IZ: ﬁ<2 - 02) 52 _ 1)1
P2 g ] (5 In %2 ) n—i-1 (" 1+l)
— 59 <52) By ; i! l;) (52_a21 3 (5.6.7)

The price of the American exchange option with Erlang distributed expiry

date is given in the following theorem.

Theorem 5.6.1. The price of the American exchange option with Erlang dis-

tributed expiry date equals

e (51(0), S2(0)) + 3 ax (S1(0), S2(0)) s <1
k=1 2
e (S1(0), S2(0)) + v (S1(0), S2(0)) 5
10) (¢i_1, ¢l
n—i+1 n 52(0) Si—1y X1
+ > ar (S1(0), S2(0)) — X bk (S1(0), S2(0))
k=1 k=n—i+2
S1(0) — S,(0) S > cn

(5.6.8)
where €}(s1, $2), €5(s1, S2), ap(s1, s2), bE(s1, s2), is defined above, and v} (s, $2)

is defined as

n( ) B by n—i+1 A n—i+1
AR P 2\N+ 5

2;% > ¢,, we need to exercise the option immediately.

Therefore the price of the American exchange option with Erlang distributed

expiry date equals to its exercise value S1(0) — S2(0). For the case of g;ggg €

(¢i_1, ¢, we need to calculate the expected value of (5.6.2). Similar to the proof of
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Theorem 5.4.1, we choose m = n—i+1. The expectation of e " Tn=i+1[S (T}, ;1) —

Sy (TTHLH)] equals

/\ n—i+1 )\ n—i+1
51(0) <A+61> — %(0) <A+52)

The expectation of the remaining part of (5.6.2) is calculated in Lemma 5.6.1,

Lemma 5.6.2 and Lemma 5.6.3. For the case of gl (83 < 1, we calculate the expec-
tation of
—rTy —rt Sl (t)
e [SU(Ty) - )]+ + Z (01.51(¢) — 0252(t)) I ( > Cppqp)dt]
Tps Sa(t)

Using Lemma 5.6.1 and Lemma 5.6.4, we can obtain the first line of (5.6.8). [

Remark 5.6.1. A put option could been thought as a special case of the exchange
option. If stock one is a fixed number, pricing formula (5.6.8) will be degenerated

o (5.4.9).

The optimal exercise boundary ¢;, © = 1,2. .. can be determined by imposing

the “value matching” condition at the optimal exercise boundary.
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CHAPTER 6

FITTING LIFE DISTRIBUTION

6.1 Introduction

A key idea used in my thesis is that the distribution of T'(x), the time-
until-death random variable, can be approximated by combinations of exponential
distributions or mixtures of Erlang distributions. In this Chapter, I would first
propose a method to illustrate how to approximate the density function of T,
with a linear combination of exponential densities. Then I extend this method to
estimate the linear coefficients, the shape parameters, and the rate parameter of
mixtures of Erlang distributions with the common rate parameter.

As shown in Dufresne (2007a) and Ko and Ng (2007), combinations of expo-
nential distributions are a (weakly) dense subset in the space of all probability dis-
tributions with support R, . Hence any positive distribution can be approximated
by combinations of exponential distributions. Note that the linear coefficients are
not restricted to be non-negative. Dufresne (2007a) also proposes a non-statistical
method to estimate the parameters. By introducing Jacobian polynomials, the
parameters are obtained by integrating various polynomials. The efficiency of
Dufresne’s method highly depends on the several parameters to be specified in
advance, but he does not provide a scheme for selecting the parameters.

Because the exponential distribution is a one-parameter distribution, and its
coefficient of variation is one, to approximate well a distribution with a coefficient
of variation that is far from unity, we need a large number of exponential distri-
butions. In contrast, the Erlang distribution is a two-parameter distribution with
larger degree of freedom. Fewer Erlang distributions are needed to achieve the
same accuracy. Similarly to combinations of exponential distributions, it is shown

in Tijms (1994, p.163) that mixtures of Erlang distributions with the same rate
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parameter are dense in the space of positive distributions. Tijms (1994, p.163)
also provides a mathematical method of parameter estimation, but the estimation
is not satisfactory, because to fit the data well, a large number of Erlang distribu-
tions must be used, which results in slow convergence and overfitting problem. In
other words, it is not practical to directly use the approximation in Tijms (1994,
p.163). Following Tijms’s work, Lee and Lin (2010) iteratively use the EM algo-
rithm in Dempster, A. P., Laird, N. M., & Rubin, D. B. (1977) to estimate the
parameters of a mixture of Frlang distributions with a common rate parameter.
Lee and Lin (2010) also propose an adjustment and diagnosis procedure to identify
the shape parameters of Erlang distributions. Though

In section 6.2, I propose a method to estimate the linear coefficients and
rate parameters of combinations of exponential distributions. Through splitting
the original problem into two sub-problems, the linear optimization and nonlinear
optimization, the results are more robust to the initial guess. In section 6.3, I apply
the adjustment procedure provided in Lee and Lin (2010) to extend this method
to estimate the parameters of mixtures of Erlang distributions. In section 6.4, I
numerically fit the life table data to combinations of exponential distributions and

mixtures of Erlang distributions and evaluate the fitting results.

6.2 Combinations of exponential distributions

The survival distribution of the class of approximating distributions, combi-

nations of exponential distributions, has the following representation,

n
e = eVt >0,)>0,j=1,...,n1<n<o
j=1

To fit combinations of exponential distributions to the distribution of T'(z), we

first calculate the survival probability through the life table,

. ly
whe = P(T(2) > k) = l*’“
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Here [, is the number of living people at age x. Mathematically, the fitting problem
can be formalized by the following. First we make a choice for n, the number of
exponential distributions. Then we seek the parameters aq, -+, ay, A1, -+, Ay,

which minimize the weighted sum of squares,

2
Z Wy, [kpx — Z ozje_*fk] , (6.2.1)
j=1

k>1
subject to
>y =1
j=1
and A\; >0, --- , A\, > 0. The above fitting problem (6.2.1) can be split into two

sub-problems, the linear and nonlinear problems. The linear problem is to solve

the following optimization:

2
a® (N, ---,\,) = argmin Z Wy, [kpx — Z ozje_)‘jk] , (6.2.2)
j=1

a1y, Qn k>1

Here we use a®P! to denote the optimized vector for (ay, -+ -, ). Once the rate
parameters \;s are given, the above is a linear programming, which has a unique

global minimizer. We replace the linear coefficients of function with the optimal

value o = (", --- | a%!), and obtain the following;
n
f(>\17 e 7/\71’ k? aopt) = Z a?pte_Ajk (623)
j=1
The non-linear optimization is to seek the rate parameters A, - - -, A, to minimize

the following;:

> wp [ipe — FOr, A ks 0]

k>1
The above optimization is equivalent to the the fitting problem (6.2.1). It is a
nonlinear optimization problem, and furthermore, it is not a convex optimization
problem. Therefore, only the local minimizer can be obtained. We use the trust

region method, which is a numerical optimization method tailored for non-linear
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optimization, to numerically calculate the optimal \;s. Compared to directly solv-
ing the optimization problem (6.2.1), the split problem has two more advantages:
1)It is more robust to the initial guess. 2)It is more likely to obtain the global

minimizer.

Remark 6.2.1. If we would like to value life-contingent options that will expire at

a fixed time T, we could approximate

tpz[<t < T)

by combinations of exponential distributions, and use the results in Chapter 4.
However, we need a large number of exponential functions to obtain a reasonably
good approximation. This is because that the above function has a big jump from
TP to 0 at t = T'. Here, we suggest the method presented in section 10 of Gerber,
Shiu and Yang (2012). Using the memoryless property of exponential distribution,
it derives the analytic pricing formula for the options that will expire at a fixed

time 7.

6.3 Mixture of the Erlang distributions

The density function of m mixtures of Erlang distributions with common

rate parameter \ is defined as

m )\ril,rifl
_ AT
f([E) _iz::laze (Tz_l)'

with a > 0, and >_7"; o; = 1. Integrating the density function from x to oo, we

have the survival distribution

F(x) = ;ai/z e mdt (6.3.1)
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It is shown in Tijms (1994, p. 163) that the probability distribution of any pos-
itive random variable can be approximated by a mixture of Erlang distributions
with the same rate parameter. Detailed proof will be provided in the Appendix.
Mathematically, the fitting problem could be characterized as follows. We seek
the parameters aq, -+, Qum, 71, ** , T, A, Which minimize the weighted sum of

squares,

m 00 )\ntrifl 2

—At
z — i —dt|
N

k>1
subject to
m
> ooy =1
j=1
and a; >0, -+, >0, 71, 79+, 1y, are integers and A > 0. For a fixed set of

shape parameters, we would use the algorithm provided in the last section. The
difference here is that the rate parameter for each Erlang distribution is the same.

After applying the algorithm we provided above, the rate parameter and the
linear coefficient locally minimize the distance between the empirical distribution
and the desired distribution (mixtures of Erlang distributions). It only locally
minimizes the distance because the shape parameters are not altered by the al-
gorithm. We need to consider the shape parameters in a larger set. Since it is
impossible to consider the whole set of the natural numbers, we use the following
procedure to expand the selection of the parameters. This procedure is motivated
by the work of Lee and Lin (2010).

1) Initially, the algorithm is run for the set of shape parameters {ry, ro, -+, 7, }.

2) The algorithm will be run again for the set {ry, v, ---, r, + 1}. If the
new distance between the empirical distribution and the desired distribution is
lower, the new parameter set replaces the old one. Otherwise, we go to the next
step. This step is repeated until the distance between the empirical distribution
and the desired distribution is not improved.

3) This procedure is then applied to the (m — 1)th shape and so forth until

all the shapes are treated.
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4) Repeat steps 2 and 3 in a similar fashion, but instead of increasing the
value of the shape parameters, we will decrease them. We will run the algorithm
starting from the shapes {ry, r9, -+, 1, — 1}, the final estimates of the previous
execution of the algorithm.

Another point I need to mention is the initialization of the parameters. A
good initialization of the parameters can improve the computational speed. Simi-
lar to Lee and Lin (2010), our initialization is also based on the method provided by
Tijm (1994, p. 163) which ensures good starting values and fast convergence. First
we choose an m, the number of Erlang distributions. Based on the Tijm’s approxi-
mation, the shape parameters of each Erlang distributionarer; =4, ¢ =1, 2,...m.
The common rate parameter A is chosen such that 5 is approximately equal to
the maximum data point. Notice that the Erlang distributions do not need to
share the same rate parameter. If the rate parameter can be different among the

Erlang distributions, we may have a better approximation and with fewer terms.

6.4 Numerical results

In this section we use an example to evaluate the fitting results. We use the
life table for males published by the US Social Security Department in 2013. The
data set is from http://www.ssa.gov/oact/STATS/tabled4c6.html. All com-
putations are performed with MATLAB, and the description of the functions is
provided in the Appendix. Figure 6.1 shows the empirical survival distribution of
T(45).

Figure 6.2 shows the fitting results using 4, 6, 8 and 10-terms of exponential
distributions. Here, the weights have been set equally. Since the linear coefficients
are not restricted to be positive, the fitting distributions may be negative in place.
The fitting result is poor when we use 4 terms, but the 8-term approximation

does better. The 4-term approximation and 8-term approximation of the survival
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Figure 6.1: Empirical value for P(T'(45) > t)
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distribution is given below
FA(t) =107 x (—8.766¢~ 5™ 4 4.068¢ 1% 4 4.72¢70145% — 0.025¢~*17%)
and
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The precision is given below,
|F—F{||=0.153, ||F=F{|=0.015, |F—F{|=0.0011, |F—F}|=5.79x107*

Figure 6.3 shows the approximation of mixtures of 3, 4, 5 and 6 terms FErlang
distributions. Similar to the approximation using exponentials, the weights have
been set equally. Since the FErlang distribution is a two-parameter distribution,
fewer terms is needed to fit the same distribution. Also, since the linear coefficients
for the mixture distribution are restricted to be positive, the fitting distributions

are positive everywhere. The 3-term approximation and 6-term approximation of
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Figure 6.2: Exponential fitting for P(Ty5 > t)

(a) 4 terms (b) 6 terms
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Figure 6.3: Erlang fitting for P(T'(45) > t)
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6.5 Appendix

6.5.1 Matlab functions

Syntax: y = empirical _distribution(t, data, x)

Description: y = empirical distribution() returns an array of empirical sur-
vival distribution. Specifically, it calculates the quantity ;p,, which is the proba-
bility that (x) survives to age x-+t.

Input arguments:

o data: a column vector represents the number of surviving people at each
age. The data is from the life table.

« x: a number represents the age of a person.

« t: a vector represents how many more years (x) will survive.
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Syntax: [lambda,linear coeff] = fit_nonlinear(lambda_ 0, t, data, x, 1b)
Description: [lambda,linear coeft] = fit nonlinear() returns the linear coef-
ficients and the exponential coefficients for the approximate distribution.
Input arguments:

o lambda_0 : a vector represents the initial guess of .

o data: a column vector represents the number of surviving people at each
age. The data is from the life table.

o x: a number represents the age of a person.
e t: a vector represents how many more years (x) will survive.

e 1b: a number represents the lower bound of lambdas. The default value for
Ib is zero.

Syntax: [shape, rate, linear coef, fitted, norm| = fit_ erlang(t,rate0, data,x,n_ shape,
max_ shape)

Description: [shape, rate, linear coeff, fitted, norm| = fit__erlang() returns
the linear coefficients, the shape parameters and the rate parameters for the ap-
proximate distribution.

Output arguments:

o shape: a vector represents the shape parameters of the mixture of Erlang
distribution.

o rate: a vector represents the rate parameters of the mixture of Erlang dis-
tribution.

e linear coeff: a vector represents the linear coefficients of the mixture of
Erlang distribution.

o fitted: a vector represents the fitted values.

e norm: a number represents the distance between the target distribution and
the fitted distribution.

Input arguments:
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« ratel : a number represents the initial guess of the common .

o data: a column vector represents the number of surviving people at each
age. The data is from the life table.

o x: a number represents the age of a person.
 t: a vector represents how many more years (x) will survive.
e n_shape: a number represents the number of the mixture distribution.

« max_shape: a number represents the largest value of the shape parameters
considered.

6.5.2 Approximation by a mixtures of the Erlang distribution

The probability distribution of any positive random variable can be arbitrar-
ily closely approximated by a mixture of Erlang distributions with the same scale
parameter. The theoretical basis for the use of mixtures of Erlang distributions is

provided in Tijms (1994, p.163).

Theorem 6.5.1. Let F(t) be the probability distribution function of a positive

random variable. For fired A > 0 define the probability distribution function

Fa(x) by .
00 J—1 x

Fa(z) =) pj(A) {1 - 6_2%,) : x>0,
=1 k=0 :

where p;(A) = F(jJA) — F((j —1)A), j=1,2, .... Then

ELIBFA(JJ) = F(x)

for each continuity point x of F(t).

Proof. For fixed A, x > 0, let YA , be a Poisson distributed random variable with

(2)
P(Ya o = kA) = e & 2' : k=0,1,....
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The mean and variance of Y , equal
E(Ya ) =2 and Var(Ya,) = zA, respectively.
Let g(t) be a bounded function. We now prove that

lm E(g(Ya o)) = g(z) (6.5.1)

for each continuity point x of g(t). To see this, fix € > 0 and a continuity point
x of g(t). According to the definition of continuity, there exists a number § > 0
such that |g(t) — g(z)| < § for all t with [t — x| <. Also, let M > 0 be such that
l9(t)] < %4 for all ¢. Then

[ee)

B(9(Ya,2)) — 9(2)] <D |g(kA) — g(2)|P(Ya,o = kA)

k=0
€

<4 M Y P(Va.=kA)
2 k:|kA—z|>8

- g + MP {[Ya,o — E(Ya,.)| > 0}

By Tschebyshev’s inequality,

TA
P{|Yrn.—E(Ya.)| >0} < 5
For enough small A, we have M %% < £. This prove (6.5.1). Now we apply (6.5.1)

with g(t) = F(t). For each continuity point x of F'(t),

F(x) = lim E(F(YAJ)) = ilinm i F(/{A)efi (%)

A—0
e L (®) e
= lm D e A m(A)
= =

where the last equality uses that F'(0) = 0. Interchanging the order of summation,
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we obtain

F(z) = iiinmipj(ﬁ) i s (21)

k=j

]

If Fa, F denote the probability distribution functions of the measures P,
P respectively, the above theorem essentially shows measure Pa converges weakly

to P.
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